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Thb author, in the present work, has adopted the plan of sepa- 
rating the more elementary from the higher parts of Geometrical 
Opties, so as to form, in the present First Part, an elementary 
treatise carried as far as can be done by taking the propositions to 
first approximations only. In a Second Part* he will treat of the 
problems requiring the differential calculus, tbe aberrations, oblique 
peneils, caustics, further correetions of some of the instruments, &;c. 

He hopes, by this subdivision of tbe science, to render the ele- 
mentary part attainable, in a useful and effective maDoer, to the 
student who is not very far advanced in mathematics, and also to 
facilitate tbe comprehension of the whole to those who are more 
advanced, by presenting in the first instance to their attention tbe 
essential propositions in tbeir more elementary form. 

The author bas followed the method used by tbe late Mr. Cod- 

dington, to wbom the science is under so many obligations, in 

taking the rays of light positive each in their own directions, as is 

usual with respect to lines in the mechanical sciences, reserving 

I the analytical rules for the cases where tbe subject will be treated 

{ as an analytical science. The treating a mixed geometrical science 

mperfect analytical methods has led, be believes, to much mis- 

i conception of the fundamental parts of the subject by the less 

V advanced students; and if that method had the advantage of serving 

I fur an artificial memory in preparing for examinations, it had tbe 

* Published Junuiiry 1851. 
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overwhelming disadvantage of leaving incorrect ideas upon the 
actual applications of the science. 

The author hopes that he has met the views of other teachers 
of Natural Philosophy, whilst preparing a text-book for his own 
classes. 

London, January 1847. 
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PART I. 



INTRODUCTION. 

The science of Optics is that^ in which the properties and laws 
of liffht and vision are treated of. 

It is subdivided into Geometrical Optics and Physical Optics: 
the former comprehending the application of certain simple 
determined properties or laws of light to the theory of optical 
instruments^ and the structure of the eye; and the latter treat- 
ing of the phenomena arising from properties which are con- 
nected with the more intimate nature of lights as interference^ 
polarization^ &c. 

In the present First Part of Geometrical Optics, the theory of 
optical instruments will be discussed, by taking the propositions 
to first approximations only ; and in the Second Part the proposi- 
tions will be discussed to higher approximations, and the more 
corrected forms of some of the instruments treated of, This 
method involves the advantages of a more elementary treatise in 
the First Part, and a higher one in combining the two Parts. 



Our whole perception and knowledge of the existence of light 
depends on the eye, as the organ of the sense of vision; and 
through it we receive the wonderful perception of the forms, 
colours, positions, &;c. of distant objects, by the light coming from 
them. Every portion of space through which light traverses, is in 
Optics called a medium. Thus a vacuum, the atmosphere, trans- 
parent liquids Bud solids, are called media. 

B 
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Bodies are translucent which transmit light, but in so disturbecl 
a manner that the forms of objects at a distance beyond them 
cannot be distinguished; the term transparency being more cor- 
rectly restricted to media through which the forme of distan^ 
objects can be seen. 

Opaque bodies are such as reflect but do not transmit light. 
Few bodies are so opaque that they do not exhibit some degree of 
translucency when reduced to very thin lamiuse. Thus several 
of the metals can be beaten into leaves so thin as to show 
siderable translucency, though in none has true transparency 
established. 

No dense medium is known which possesses perfect trans- 
parency ; for independently of the light which is scattered in all 
directions, or dispersed, as it passes from one mediuni to another, 
and by which we perceive the presence of the bounding surface, 
the light which enters the medium is also subject to diminution 
from being absorbed, as well as dispersed. Coloured media absorb 
light of some colours and transmit light of other colours ; a mode- 
rate thickness of some media being opaque for some colours and 
transparent for others : as, for instance, red glass and many red- 
coloured liquids transmit nearly all the red light falling on them, 
but no sensible part of pure yellow, green, blue, or'violot light. 

Rough surfaces of bodies scatter or disperae a large portion 
of the light falling on them, by which their peculiarities of figure^ 
colour, &c. are seen by eyes situated in a variety of positions. 
Smooth and polislted am'facea, on the contrary, reflect light accord- 
ing to a particular law, called the Law of Ike reflexion of Light ; 
and the quantity so reflected is very different at diflerent surfaces, 
being only about one-thirtieth when light falls perpendicularly 
upon a surface of common glass, about two-thirds in a perpen- 
dicular reflexion from ordinary silvered looking-glass, and a little , 
more from highly polished speculum metal. 

When light traverses a transparent medium, its direction i! 
straight line from one point through which it passes, to any other, 
for it will pass along a straight tube between the two points, but 
not along a bent one, unless by being reflected. When it passes 
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from a given point in one medium to another point in another 

medium of different de-nsily, falling obliquely upon their common 
surface, its path is made up of two straight Hues, whieh meet in 
some angle at the common boundary of the two media, The 
abrupt change in the direction of light, when it passes from one 
medium to another of different density, is subject to a particular 
law, called the Law of the refraction of Light, 

It is familiar to every one that the illumination is feebler as the 
distance from an origin of light is greater : this change of illumi- 
nating power is expressed in the Law of the intensiti/ of Light at 
different distances from a luminous body. 

The aame law of refraction holds good for light of all colours ; 
but the amount of refraction or bending at given surfaces is dif- 
ferent for each colour; and in the passage of light through a 
prism, gives rise to the ch-omatic or coloured dispersion of light. 

The three laws above named, and the properties of media in 
respect of chromatic dispersion, are the foundation of the principal 
propositious in Geometrical Optics. 

In speaking of distinct portions of light, we continually use the 
term s, a ray of light, and a pencil of rays, or a pencil of light. By 
a ray of light we mean, the smallest portion of light which can be 
conceived J it is represented by the line or lines which constitute 
its path. By a pencil of light we mean, an assemblage of raya 
constituting a cylindrical or conical stream of light. 

I On account of the physical properties of light, we can never 
aeparatc a pencil of the above forms accurately from the rest of 
the light which radiates from any luminous point ; but the effect 
alluded to, taking place only near the boundaries of the pencil, 
will not sensibly disturb our geometrical results, unless the pencil 
be reduced to small dimensions : it, however, prevents onr sepa- 
rating ao small a pencil, that in delicate experiments we could con- 
sider it a ray. From what has just been said, it will be perceived 

I that a knowledge of Physical Optica* is necessary in order to 

* See the Author's treatUes, Part 1 and Part 2 of Physical Optics. 
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understand thoroughly the phenomena presented in many cases hf -i 

optical instruments. 

A stream of light is called a converging pencil when the ray* I 
converge to the vertex of the cone (called a focus), and a diverging C 
pencil when they diverge from it. The axis of the cone in each 1 
case is Ciilled the axis of the pencil. When the stream consists. J 
o^ parallel raysj the pencil is called cylindrical; and the axis offl 
the cylinder is called the axis of the pencO. 

In nature, light diverges in all possible directions around each 
luminous point, so that our pencils are primarily all diverging ; 
but when the luminous origin is very distant, as in the case of the 
heavenly bodies, the rays in every pencil we consider are sensibly 
parallel, and the results are those for cylindrical pencils. Though 
converging pencils do not exist originally in natural streams of light, 
they nevertheless are continually produced in optical instruments. 

The various sources of light are divided into two classes : those 
of self-luminous origins, as the sun, the fixed stars, the flames of 
burning substances, the electric light, &c. j and those secondary 
origins of light, the surfaces of opaque bodies, which are visible 
only hy the light they reflect, and are invisible in the dark, as the 
moon and planets, and opaque bodies generally. 

As far as the propositions of Geometrical Optics are concerned, 
it is immaterial from which of these classes the light arises. 

Light traverses the planetary spaces with a velocity of about 
190,000 miles per second of lime. This was first established by the 
Danish astronomer Rcemer, who found that the appearance of the 
eclipses of Jupiter's satellites occurred about sixteen minutes later 
than the calculated times when that planet and the earth were in 
opposite directions from the sun, and therefore were the most 
distant, the calculations being adapted to times when they were in 
the same direction from the sun, and therefore were nearest to 
each other. The difference of these distances is the diameter of 
the earth's orbit ; so that we conclude that light comes from the 
sun in about eight minutes, giving a velocity of 192,500 miles per 
second, from the older observations, and about 183,470 miles per 
second, from the more recent observations. 
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Dr. Bradley afterwards discovered that the fixed stara have a 
change of apparent place during the earth's revolution round the 
sun, which arises from the compoBition of the velocity of light 
with the velocity of the earth in its orbit; this is called the 
aberration of the fixed stars. The velocity of light, deduced from 
observing the amount of this aberration, is but slightly different 
from the former. 

We may consider the above as the velocity of light in a vacuum, 
whether it comes from a primary or secoudai-y origin ; but we find 
in Physical Optics that the velocity is slower in dense media, 
depending on their refractive powers. 

It is not necessary, in order that a point may remain continually 
visible, that the light must radiate from it in a continuous stream ; 
for the impression of light on the eye is found to remain a sensible 
time, which ])robably differs with different eyes, being about one- 
seventh or one-eighth part of a second. This is shown by causing 
a piece of lighted charcoal, tied to a cord, to be whirled round in a 
drcle in the dark. If the revolutions are about seven or eight in 
a second, the whole circle appears continuously luminous. During 
this interval, it will be seen that light would travel a distance of 
25,000 miles. 



ON THE THREE PCNDAMENTAL LAWS OP LIGHT. 

Definition. Tin intensity of the light falling on any surface 
is measured by the quantity of light, or the number of equally 
bright rays falling on a unit of area, supposing the intensity 
uniform. 

Whilst we only require relative values of intensity, the above 
definition is sufficient, without knowing absolute measuiHis depend- 
ing on the assumption of some definite unit. Such a unit might, 
however, be found in the light given out by a unit of volume of a 
gas burned in a given manner. 

Law 1. The intensity of the light at different distances from a 
luminous point is inversely as the square of the distance. 
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Let A be the laminoas point from 
which light radiates aniformly in all 
directions j pq a given small area at a 
distance D from A, and perpendicular 
to the line drawn tirom its center to A ; 
^<i an equal area similarly situated at a 
distance I/, 

Let / be the intensity at the dis- 
tance D, and /' at the distance ff. If 
we suppose the surfaces of two spheres, whose radii are D and 
iy respectively, to be described through pq aud y^, the whole 
radiant light will pass uniformly through their surfaces with the 
intensity at each proportional to the quantity of light on a unit 
of area. 

_ _ quantity of light falling on the areap^ 

'/'"quantity of light falling on the area^g^ 




Or.4 



whole radiant light from 4 X— 



aretofpj 

1 of the gpherical tnrface wbote radim = D 



whole radiant light from Ay,— 
*7rD* 



area of yY 



1 of the Bpherical turface whose radius^ iX 



or, intensity at a distance J? i intensity at a distance iX : : -gj : ^. 

Definitions. When a ray of light falls upon any surface of a 
medium, the angle which it makes with the perpendicular to the 
surface at the poiat of incidence is called /Ae a^le of incidence. 



The angle which the reflected ray makes 
with the same perpendicular is called the 
angle ofr^fiexion. 

The angle which the refracted ray within 
the medium makes with the same perpen- 
dicular produced, is called the angle of 
refraction. 
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The angle whicli the reflected or refracted ray makcB with 
the incident ray produced, ia called the angle of deviation, or 
deviation of such ray. 

If PA in the figure be a ray incident on the surface BAC 
of the medium, A Q the reflected ray, A H the refracted ray, 
NAN' the normal to the surface at A; then PAN ia the ^iigle 
of incidence, QAN the angle of reflexion, RAN' the angle of 
refraction ; also, if we produce PA to p, RAp ia the deviation of 
the refracted ray, and QAp is the deviation of the reflected ray. 

Law 2. In the reflexion of light, the incident ray, the normal 
to the reflecting surface at the point of incidence, and the reflected 
ray lie all in one plane, and the angle of reflexion is equal to the 
angle of incidence. 

Thia law is easily verified experimentally j but the most severe 
teats of its accuracy are the observations, in astronomical observa- 
tories, with the mural circle, which are taken by reflexion in u 
t trough of mercury. 



circle. 



Let AaB be the position 
when the image of a star is 
seen upon the horizontal wire 
in the focus of the eye-glass, 
by reflexion at the horizontal 
surface of the mercuiy at m ; 
A'aB' when the image is 
seen in the same position by 
light from the star directly. 
Then the anglc^a^', through 
which the telescope has been 
I turned, is twice the altitude 
£'flW of the star ; a// being 



The truth of thia result depends on the perfect accuracy of 
I the law of reflexion ; and as the mural circle ia the most accurate 
I of all divided instruments, if the altitudes of the stars, obtained 
L&om direct observations, combined with observations by reflexion 
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in mercury, had not agreed with those found by means of the I 
vertical direction determined by the plumb-line, the error muat'| 
have been detected. 



Liw 3. In the relraction of light, the incident ray, the normal 
to t^e refracting surface at the point of incidence, and the refracted 
ray lie all in one plane, and the sine of the angle of refraction 
bears a constant ratio to the sine of the angle of incidence ; tite ray 
in the dense medium lying nearer to the normal than in the rare 
medium. 



That the direction of light, in passing obliquely from one me- 
dium into another, is abruptly changed at the common surface of 
the media, and is further from the 
perpendicular in the rare medium, is 
easily shown experimentally by putting 
a piece of coin at the bottom of a 
basin, as at a in the figure, and then 
placing the eye as at e, so that the 
coin cannot be seen for the inter- 
posing edge of the b^in ; by pouring water into the basin, tie 
coin becomes visible in the direction eb, the light from a following 
the broken path a be. 
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By more accurate experiments the truth of the law is verified ; 
and the applications of the law in the construction of optical 
instruments, giving results in accordance with facta in the most 
minute particulars, lead us to conclude its general truth. 

The ratio which the sine of the angle of refraction bears to 
the sine of the angle of incidence is generally represented by the 
Greek letter fi, and is called the refractive index; or 

sine of angle of incidence _ 
sine of angle of refraction 

In the law of refraction it is meant, that whilst the two media in 
which the light moves are the same, the value of fi is constant. 
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however the angle of incidence may vary; but fi lias different 
values for different media, and generally is greater when the light 
passes into more dense or into iiiHammable media. It has also 
different values for different colours of light with the same media, 
giving rise thus to the chromatic dispersion. 



The above is called the 
good for glass, transparent 
for many crystals ; there 
bodies which have double 
rise to two refracted rays 
in some crystals, the law 
follows an extraordinary lai 
the refracted rays have ex 
mena of double refractioi 
Optics. 



law of ordinary refraction, and holds 

liquids, and nn crystallized solids, and 
are, however, many other crystallized 

refraction, a single ray in air giving 
ill the crystal. One of these follows, 

of ordinary i-cfraction, and the other 

If of refraction ; in other crystals both 

raordinary refraction. For the phcno- 

the student is referred to Physical 



When the light passes from a vacuum into a dense medium, 
ft, is then called the absolute refractive index, and is always greater 
than unity. For some colours of light, fi is about ^ for water, 
about ^ for glass, and about 3*5 for diamond. A table of refrac- 
tive indices will be found at the end of the volume. When hght 
passes from one dense medium into another, the ratio of the sines 
of incidence and refraction is then called the relative refractive 
indes of the media. If a ray of light passes /rem a dense medium 

into a vacuum, the refractive index is then — , and the law of 
refraction holds good with this value. 

The refractive index for a vacuum into air is so nearly equal to 
unity, that we may, in ordinary questions, take the refraction from 
air into any dense medium as if from a vacuum into the medium, 
without any sensible inaccuracy. 

It will be seen from what has been said, that the path of a 
I ray will be the same whichever way it comes, both in cases of 
I, reflexion and refraction; so that in the solution of optical pro- 
iblema we may take the light as passing either one way or the 
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other^ along the path determined by the law of reflexion or refrac- 
tion respectively. 

The science of Optics is sometimes subdivided into Catoptrics, 
in which the reflexion of light is treated of; and Dioptrics^ that in 
which the refraction of light is treated of. 



ON PHOTOHBTRT. 



This brancli of Optics is of great importance not only in deter- 
mining the relative values of different sources of artificial light, 
but in comparing the effectiveness of different optical instruments, 
and in many problems of Physical Optics. 

Three classes of instruments have been proposed as photometers, 
of which only one class strictly deserves the name; the other two, 
which depend on the heating and chemical powers which generally 
accompany light, cannot be considered as indicating invariably 
measures of that effect of hght which is concerned in producing 
the sensation of vision. A reference to the judgment of the eye 
becomes, therefore, essential in a true photometer ; and the part 
the eye has to perform is the determining when the Illuminations 
produced from two different sources are equal, the indications of 
the instrument then giving the means of calculating the relative 
intensities required in the problem. 

Article I. A simple and effective photometer may be con- 
structed as in the figure; where AB is an opaque screen with 




a rectangular aperture in its center; and CD is another screen, 
set as nearly perpendicular to the direction of the lights as pos- 
sible, of which a large aperture in its centre is covered with thin 
tissue-paper. The ffames a and b, whose l%ht is to be compared, 
will each illuminate a rectangular portion of the tissue-paper by 
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the light passing through the aperture in AB, as shown ii 
figure; and bd eye placed as at e, behind the screen CD, 
distinguish through the tissue-paper with considerable accuracy, 
when the two illuminations are equal, one of the flaniea being 
moved nearer or further away, until its illumination equals that of 
the other. 

Let /| and /j be the intensities of the illutninationa from a 
and b respectively at the distance unii^; Z), and Oj respectively 
their distances from the screen CD when they illuminate 
tissue-paper equally. "We have, from Law 1, 



th^^ 



intensity at distance D_ '. 
intensity at distance 1 ~i 

.". intensity from each = - 







, the intensities which measure the values of the illuminating 
powers are directly as the squares of the distances from the screen. 

In place of the screen AB, a straight rod may be set up, of 
which the two shadows may be received upon any white surface 
at CD. The eye being now in front of CD will see when the 
shadows are of equal intensity, but not with nearly the accuracy 
the former method, as the shadows are surrounded by the 
double illumination, and the eye is not bo favourably situated. 
In this method it will be seen that each flame shines upon the 
shadow of the rod cast by the other. 

The same principle may be modified in many ways, so as to 
determine the intensities of lights; as, for instance, the portion 
which is transmitted by different transparent media, or retiected 
by various kinds of mirrors. 

Many different forms of photometers, invented by Bouguer, 
and described in his ' Traite d'Optique,' will be found noticed in 
Dr. Priestley's 'History of Vision.' The most sensitive photo- 
meter is the one which was used by the author in his researches 
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I npon the reflective powers of nietala and glass. {See ' Brewster'a 
L Edinburgh Journal of Science ' for 1831.) 

Art. 2. Paop. To show how objects appear equally bright at all 
[ distances from ilte eye. 

The distance is supposed not to be so great that any sensible 
I ])art of the light is lost by its passing through the air. 

Each very small part of the surface of an object may be taken 
as a luminous point, and the intensity of the light from it will be 
inversely as the distance squared ; but when the object is removed 
from the eye, the apparent linear dimensions become less directly 
as the distance beeomea greater, or the apparent area of its surface 
becomes inversely proportional to the square of the distance ; and 
the same number of luminous points being congregated upon this 
apparently smaller area, the number of such points upon a given 
apparent area ia proportional to the distance squared. 

Now, the apparent brightness of any surface is proportional to 
the intensity of the light at the eye from each luminous point, 
and to the number of luminous points in a given apparent areaj 

[ that is, the apparent brightness varies as jjtt- tj from the 

I first cause, and as {Distance^ from the second, or it remains 
constant. 

Art. 3. Prop, If a small plane surface be illuminated directly 
I by the light from another such surface, the illumination is proportional 
to tlie area of the latter x intensity of the light at a distance unity 
I from each of its points~i-the distance between the surfaces squared. 

For since the surfaces are both small, and the light falls 
directly, or perpendicularly, upon the illuminated one, the illu- 
mination must depend on that from each elementary part or 
luminous point, and on the number of such points or on the 
magnitude of the illuminating area. But the illumination from 

I each point being -^ , and putting A for the illuminating area. 



expressed in terms of the number of elementary portions, whi 
are each taken as luminous points, we have the whole illuminatiM 
at the surface 

_AxI 

- jyi • 

Cob. The expression just found may be taken to i-eprese 
the apparent brightueas of the illuminated surface; and if 1 
light ia incident obliquely upon it, at an angle of incidence = 
Axl 



the apparent brightness = 



Zt* 



For the distance D being supposed to be great compared w 
the magnitude of the planes, we may suppose the light to form I 
pencil of parallel rays. The apparent 
brightness being proportional to the num- 
ber of rays falling on a given area, we see 
by the annexed figure that the number 
falling on any area of the perpendicular 

surface is to the number on an equal area of the surface inclino| 
to it at an angle i, as 1 to cos, i. 

Therefore the apparent brightness of the inclined surface 

Axl 

= -^cos.,. 

Art. 4. With respect to the intensity of the light radiatii^ 
from a luminous surface at different inclinations, it has been foont 
that such surfaces appear equally bright at all inclinations; but 
the number of luminous points in any given oppnrent area is 
proportional to secant j ; hence we deduce that the intensity of 

the light radiating round each luminous point varies as - 

as COS. i; i being, as before, the angle between the ray and t 
normal to the surface. 



EXAMPLES. 



Ex. 1. If an argand lamp gives an illumination upon a scr 
when 9 feet distant from it, equal to that from a wax-ligbt wha 
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3 feet from it^ show that the light of the lamp is equivalent to 
that of nine such wax-lights. 

Ex. 2. If a cubic inches of one kind of gas, burned at a dis- 
tance of m feet from a screen, give an equal illumination to b cubic 
inches of another kind, burned in the same time, at a distance of 
n feet ; required the relative values of the gases as sources of 
artificial light. 

b wi 
One cubic foot of the first = - • -» of a cubic foot of the 

a rr 

second. 

Ex. 8. The illuminations from two flames upon a screen are 
the same when one of them is at a distance of 40 inches from it; 
but when a piece of window-glass is interposed between it and 
the screen, it requires to be drawn to a distance of 38 inches in 
order that the illuminations may be again equal: show that the 
glass transmits rather more than 90 rays of every 100 incident. 

Ex. 4. If one-tenth of a beam of light is lost in passing through 
a plate of window-glass, how many rays of every 100 incident will 
emerge after passing through three such plates ? 

Ex. 5. In the experiment of article 1, if two lights at a give 
each separately equal illuminations on the screen with the light b 
at 40 inches ; show that if the two be placed together near a, they 
will illuminate the screen equally with the light b when placed at 
28*284 inches. 

Ex. 6. If a mirror of speculum metal reflects seven-tenths of the 
light incident upon it, how many rays of every 100 incident would 
be efiective in a telescope which has two such reflexions in its 
construction ? 



CHAPTER IL 

ON THE REFLEXION OF LIGHT BY PLANE MIRRORS. 

In the following propositions it will be shown that the effect of 
a plane mirror is to change the direction of a pencil falling upon 
it^ without affecting its condition as to parallelism^ divergence^ 
or convergence, although only a portion of the incident light is 
reflected. 




Art. 5. Prop. When a pencil of parallel rays falls upon a plane 
mirror, the reflected pencil consists of parallel rays. 

Let PA, QB be any two of 
the parallel rays of the incident 
pencil, falling upon the plane 
mirror CD at the points A and B 
respectively. Let AM, BN be 
the normals to the mirror at A 
and B respectively, which are 
parallel; by Euclid, book xi. 
prop. 6. 

Let the ray PA be reflected in the direction AR, and joining 

AB, let the plane RAB meet the plane QBN in the line BS; 

then B8 is the direction of the ray QB after reflexion, and is 

parallel to RA. For, by the law of reflexion, the lines PA, AM, 

AR, are all in one plane, and 

angle of reflexion ilf^iR= angle of incidence MAP 

=angle ...... NBQ . . . by Euclid, 

book xi. prop. 10. 

Also, plane QjB/S is parallel to plane P-^ii . . . by Euclid, book xi. 

prop. 15. 

And line B8 is parallel to line AR ... by Euclid, book xi. prop. 16. 

Therefore Z SBN= L RAM 

=ZPAM 

= LQBN 
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And SB ia the reflected ray corresponding to the incident ray 
QB. 

The same holds good for any other rays, and the reflected pencil 
consists of parallel rays. It is easily seen that the distance of the 
rays is the same heforc and after retlexioD, so that the transverse 
section of the pencil is unchanged. 

Akt. 6. Fbop, 1/ a diverging or converging pencil is iiicident 
on a plane mirror, the focus of the reflected penal is situated on the 
opposite side of (he mirror to thai of the incident pencil, and at an 
equal distance from it. 

First, let the pencil be a di- „ 

verging one, and let Q be the 
focus of the iucident raya, or 
point from which they diverge, 
in the figure. Let the line 
CNAB represent a section of 
the surface of the mirror, draw 
the line QNq perpendicular to 
CAB. and make qN=.QN; 
then q is the focus of the re- ' 

fleeted rays. For let QA, QB, QC be any of the incident rays 
in the plane of the figure; draw the line AM perpendicular to 
CAB, and AR, making the angle MAR = angle of incidence 
MAQ; then AR ia the reflected ray. Join qA; the right-angled 
triangles QAN, qAN are equal by couBtruction, and 
Z-NqA=/.NQA 

-alternate ^MAQ 
= LMAR 
and ^QAq+ '^QAR=2UQAN+2. INQA 
= 2 right angles 
.-. qA and AR are in one straight line. 
Similarly it is shown that the direction of every reflected ray 
I IB as if it had proceeded from q; or q is the focus of the reflected 
I lays. 
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In tbia case, q is called a virtual focus; the term real focnl 
beJDg used in contradistinction, to indicate that the rays have 
actually passed through the point bo called. As far as the optical 
properties of the raya are concemedj it is immaterial whether they 
proceed from a real or a virtual focuB; and an eye, into which the 
reflected rays enter, perceives the point t; aa a virtual image of the 
luminous point Q. 

It is evident that, if a pencil of rays converging to q had fi 
upon the miri-or, they would have been reflected to a real focus 
and have then diverged again. 

The ray QN, which falls perpendicularly upon the 
reflected directly hack again ; and whenever we see a luminous point 
and its image in one straight line, that straight line is perpendi- 
cular to the mirror. This property is of great service in many 
optical experiments ; for instance, if we want to determine whether 
the two surfaces of a plate of glass are accurately parallel, we do it 
most readily by placing a pin or needle directly before the pupil of 
the eye, and observing whether the two images of the hght reflected 
by it, which are formed by the two surfaces of the glass plate, 
coincide in every way ; and if they do, the surfaces at that part of 
the plate must be parallel. 



b the 
.f the 

raiif^^l 

M 



1 and form of the image A 



Aet. 7. Pkop. To find the positio 
an object placed before a plane mirror. 

Let the mirror be per- 
pendicular to the plane of 
the paper, and intersect it 
in the hne CDE, Let the 
arrow AB, in the plane o 
the paper, be the object. ^ 
From any point M draw 
the perpendicular to the 
mirror MDm, and make 
mD=MD; then m is the 
virtual image of the point M; and the same being done for i 
the points in AB, we have a series of coiTCsponding points fonni^j 
a virtual image ab, situated as in the figure. This image is e^ 
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dently of the same form and magnitude aa the object, but incliced 
differently ; the point a, the highest in the image, corresponding 
to the poiat A, the lowest in the object. 

If the object were of any form whatever, we should find the 
image in the same manner to be of the same form and magni- 
tude, at an equal distance from the mirror on the opposite side 
of it, but with its different parts inverted with respect to a given 
direction ; as in the ordinaiy use of a looking-glaaa, we perceive 
that the right band of the image corresponds to the left hand of 
the object. If an eye were situated at e in the figure, the small 
pencil which entered the pupil from any point N in the object 
would proceed as if from n, the corresponding point in the 
image. 

Art. 8. Prop. To find the form and posilion of the image 
when the light from an object has been reflected at each of two 
plane mirrors. 

Let AB be the object, CD, EF 
the two mirrors, Drawing perpendi- , 
culars from the various points in AB, 
and measuring equal distances on the , 
opposite side of the mirror CD, we 
find the position of ab the image given 
by it. The light, after reflcicion, pro- 
ceeds as if it had come from an object 
at ab ; and such part of it as falls on 
the mirror EF will be reflected ac- 
cordingly, and proceed, after the se- \ 
cond reflejtion, as if it had come from \_^ 
a secondary image tib\ whose position *' ' 
is determined by drawing pei'pendiculars upon FE produced, and 
measuring equal distances upon the opposite side of it. 

To trace the course of a pencil which enters an eye at e after 
reflexion at the two mirrors from any point Q in AB; let q be 
the corresponding point in ab, and q' that in a'6' : the light after 
refiexion by EF will enter the eye as if it came from q', therefore 
drawing the lines ^e in the figure, they will represent the final 
c2 




course of the pencil : from the points where the lines meet I 
mirror EF draw lines to the point q, they will represent the course 
of the pencil after reflexion by CD : from the points where these 
lines meet the mirror CD draw lines to the point Q, and they will 
be the course of the rays from Q, which, after reflexion by each of 
the two mirrors, form the visual pencil by which the eye e sees q' 
in the secondary image a'b'. 

It will be seen that the inversions of parts by each of the 
mirrors now correct each other, and there is the same relatii 
direction of parts to the eye in the secondary image a'l^ as in the 
object AB ; that ia, there is no inversion of upward and downward, 
or right hand and left hand. This piinciple is made use of in the 
Camera lucida of Dr. Wollaston, of which a description will be foi 
in the chapter on instruments. 

Cob. By proceeding in the same way, the positions of the seriel 
of images given by any number of mirrors may be found, and the 
course of a visual pencil traced. 

Aht. 9. iflieti two plane mirrors are placed with their reflecting 
surfaces towards each other and parallel, they form the experiment 
called /Ae endless gallery. 

Let AB, CD be the parallel mirrors, Q the place of an object 
between them. We And the positions of the images as in the 



th^^J 
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preceding propositions. If y, be the image of Q formed 
the mirror CD, we shall have g^ an image of q^ formed by 
mirror AB, or secondary image of Q, as in the figure, and q^ an 
image of q^ formed by the mirror CD, or tertiary image of Q, 
&c. In the same way there will be formed a series of imaj 
q', 5", &c., commencing with q', the image of Q formed by 
mirror AB. 
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To an eye placed between the mirrors, the Buccession of images 
will be Been as described ; and if the mirrors were perfectly plane, 
Bud reflected all the light incident upon them, the number would 
be infinite. 

Art, 10, To find the arrangement of the images formed 
by two plane mirrors inclined to each other as in the kaleido- 
BCope, 

Let AC, BC be the per- ^ ...iL... „ 

pendieular sections of the mir- 
rors by the plane of the paper. "-" 
Let Q be the position of an 
object within the angle ACB 
formed by the reflecting faces / 
of the mirrors, and describe '. 
with center C a circle through ' \ 
Q; the two series of images 
of Q, viz. g„ [f^, ffg, q^, com- 
mencing with q^, the first v 
image formed by the mirror 
AC; and g', g", g"', g"", commencing with ^, the first image 
formed by the mirror BC, will be all in the circumference of the 
circle. For since 5, is determined by drawing a perpendicular 
to the mirror AC, and measuring an equal distance on the opposite 
side, gy is equally distant from C with Q; in the same way g^ is 
is equally distant from C with 9, and Q, and so with all the other 
images, or they are in the circumference of the circle drawn through 
Q with center C. 

When we arrive at an image, as g^ or 5"" in the figure, full- 
ing within the angle formed by the directions of the mirrors 
produced, that image is the last of its scries ; for whichever mirror 
it be formed by, since it lies at the back of both of them, no 
light proceeding as from it can fall on the face of the other 



>' 



I If the angle ACB be an aliquot part of 180°, the images of 
' every point in the arc AQB will occur the same number of times, 

and the whole aeries will be symmetrical. The proof of this is long, 
but may be found in several optical treatises. 
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Art. 11* Prop. To find the deviation of a ray of light after 
being reflected at each of two mirrors, inclined at a given angle, in a 
plane perpendicular to their intersection. 



Let the directions of the mirrors at A 
and B when produced meet at C, and let 
angle ACB=et. Let SA be a ray of light 
incident on the first mirror at A, and be 
reflected in AB ; Bud, after reflexion at the 
second mirror at B, pass in the direction 
BD, meeting the original direction SAD in 
D, Then the angle ADB is the deviation ; 
let it =£?. Let NAn be the normal to the 
first mirror at ^; Bn that to the second 
mirror at B: the angle AnB between the 
normals =: angle ACB^a. 



Let t\ be the angle of incidence on the first mirror. 
„ «2 w 99 second „ 

Z.NAB=z LABn'\' LAnB 
or, ij = fg -f « /. « = ij — ij 
also, LBAD+ /.ABD-h zADB=:lSO° 
or, 2(90°-ii) + 2i2+rf=180° 

or the deviation for every ray, after the two reflexions, equals twice 
the angle between the mirrors. 




This property is made the principle on which Hadley's sextant 
and reflecting circles, for taking astronomical observations, are coa- 
structed, as will be seen in the chapter on instruments. 



EXAMPLES. 

Ex. 1. Show that when a ray from any given luminous point 
is reflected at a plane mirror, and passes through another given 
point, it traverses a shorter distance than it would have done if 
reflected by the mirror in any other manner. 
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Ex. 2. Show that persons standing at any distance from a 
plane vertical mirror may see the entire height of the image of 
themselves^ if the mirror, at a proper elevation, be of half their 
height. 

Ex. 3. When a drawing is made of an object, and its image 
reflected in a mirror, show how the properties of perspective a£fect 
the apparent magnitudes and positions. 

Ex. 4. Trace the course of the visual pencil,^ Vhen an image of 
an object is seen by reflexion in three plane mirrora. 

Ex. 5. A star, whose altitude is n^, is to be observed by means 
of its image seen in a small vessel of mercury placed on the ground, 
by a person whose eye is m feet above the level of the mercury . 
show that he must stand at a distance from it of m cot* n^ feet. 

Ex. 6. An object b situated n inches from a plane mirror, 

which, being turned through an angle of 60^, the positions of the 

object and the images in the two cases form an equilateral triangle; 

show that the distance of the point about which the mirror was 

2*, 
turned was — ^ inches from the object. 

Ex. 7. When a kaleidoscope is formed with three equal plane 
mirrors, having their perpendicular sections everywhere an equi- 
lateral triangle, what is the appearance in the field of view ? 



CHAPTEK III. 
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ON THE REFLEXION OF LIGHT BY CURVED MtRKURB. 

When a pencil of light is incident upon a curved mirror, each ray 
of the pencil is reflected according to the ordinary law ; and if we 
can draw the aeriea of normals for the different points of the reflect- 
ing surface, we can determine the directions in which the various 
rays are reflected, as in plane mirrors. 

In the following propositions the reflecting surfaces will be con- 
sidered only of the forms, the sphere, and the paraboloid ellipsoid 
and hyperboloid of revolntion j the three latter being formed by 
the revolution of the conical parabola about its axis, and the ellipse 
and hyperbola, about their major axes ; because in these the mode 
of drawing the normal is sufficiently simple, and they are the only 
surfaces of importance in the theory of catoptrical instruments. 

A mirror is called concave or convex when the reflecting surface 
is concave or convex respectively. 

Art. 12. Prop. If a pencil of parallel rayt be incident onM 
concave parabolic reflector parallel to its axis, the whole will T 
reflected lo the focus of the generating parabola. 

Let PAP' be a parabola, which 
is the section of the mirror by the 
plane of the paper passing through 
the axis AFG, of which A is the 
vertex and F the focus. Let SP 
be any one of the rays of the pencil, * 
parallel to AFG, and incident at 
P; join FP, and let PG be the 
normal at P. Then, as shown in 
treatises on the conic sections, PG 
makes equal angles with SP and 
the line FP; and the angle of incidence being SPG, the s 
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FPG is the angle of refleiiion, and PF is the reflected ray. Simi- 
larly every other of the reflected rays passes through F, 

Reciprocally, if F be a luminous point, every ray radiating from 
it will be reflected parallel to the axis of the parabola ; and, the 
reflected pencil consisting of parallel rays, the light will be of equal 
intensity at all distances from the mirror. 

Abt. 13. Prop. If a pencil of rays diverge from a luminous 
point in one of the foci of a concave elliptic reflector, they will be 
TRJlected to the other focus of the generating ellipse. 

Let PAP' be the ellipse 
which is the section of the mir- 
ror by the plane of the paper 
passing through the axis AFS^ 
where A is one extremity of the 
major axis, and F and S the foci 
of the cthpse. 

If S be the position of a 
luminous point, SP any one 
of the rays from it incident on 

the mirror at P, and we draw PG the normal and join FP ; then, 
by conic sections, the angle S'/'G=angle FPG, and the former 
being the angle of incidence, the latter will be the angle of reflexion ; 
therefore PF is the reflected ray. Similarly, it is shown that 
every other ray will, after reflexion, pass through F, or F is the 
focus of the reflected rays. 

The same proof applies to the case when F is the position of the 
luminous point or focus of the incident rays, S being then the 
focus of the reflected rays. 

AaT, 14. Prop, If a pencil of incident rays converge to- 
umrds the exterior focus of a concave hyperbolic reflector, they 
will be reflected to the other focus of the generating hyperbola. 

Let PAP' be the generating hyperbola, SAFG the axis of 
the min'or, of which A is the vertex, and S and F the foci of the 
hyperbola. 

Let S be the focus to which the incident pencil converges, H'P a. 





ray incident at P; drawthenormalPG and join FP; by conic » 
tions PG bisects the angle FPS'; and since S'PG is tbe angle! 
incidence, therefore FPG is the angle of reflexion, and FP is tbe 
reflected ray. Similarly, every other ray of the pencil is reflected 
toF. 

The same mode of proof ehows, that if a laminous point y 
placed at F, tbe reflected pencil would diverge from S. 

As the converse of tbe three preceding propositions, the foll( 
ing will be easily demonstrated in the same way. 

Art. 15. Pkop. 1/ a pencil of parallel ray» be incident ] 
a convex parabolic mirror, parallel lo the axis, the reflected p 
cil will diverge /rem the focus of the generating parabola. 

Art. 16, Prop. If a pencil of rays converging towards c 
of the foci be incident on a convex elliptic intrror, the refl^ctedpen 
will diverge from the other focus. 

Art, 17. Prop. If a pencil of rays diverging from the exier 
foots be incident on a convex hi/perbolic mirror, the reflected p 
tvill diverge from the other focus. 

In the preceding Articles, the reflesion was accnrately to or frO 
a point aa a real or virtual focus, however large the incident pencil 
might be ; but parabolic, elliptic, and hyperbolic mirrors are very 
diflicult to make, compared with spherical mirrors, and hence it is 
generally assumed that the mirrors of reflecting telescopes and mi- 
croscopes are not so large as to preclude the use of a spherical figure. 
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The metal called speculum metal, which is used to form 
telescopic tnirrora, is a compound of about 14^ parts tin and 
33 parts copper, with sometimes an addition of a small quantity of 
arseuic or zinc. This alloy is very hard and brittle, and takes 
a high polish. The speculum or mirror, having been first cast in 
a mould of sand to nearly the required curvature, is then ground 
by rubbing in all directions with emery-powder and water on a 
tool of proper curvature, made of some softer metal, until the tool 
and speculum are of the same curvature as near as can be procured 
by using finer and finer emery. When a very accurate figure is 
required, the speculum has then to be worked on a tool formed 
of hones until the two coincide accurately, as seen by the fine 
lines on the face of the speculum j when this takes place, the 
sui'faces of the hones and speculum must be truly spherical, as 
spherical and plane surfaces only can be worked upon each other 
in all directions and always coincide. To procure plane surfaces, 
three surfaces must be worked together alternately, until they 
coincide when taken any two together. When the speculum 
has been brought to a fine and accurate face, it is polished, on 
a bed made with a mixture of purified pitch and rosin, with 
water and polishing powder, which is a fine calcined oxide of 
iron or tin. Sec, for further particulars of this delicale art, 
' Brewster's Edinburgh Journal of Science' for 1831, and the arti- 
cles " Grinding " and " Speculum " in ' Rees's Cyclopaidia : ' for a 
method of reducing a spherical mirror to an ellipsoidal, parabo- 
loidal, or hyperboloidal figure, see ' Brewster's Edinburgh Journal of 
Science' for 1832. 

Art. 18. To find the focus of the reflected rays when a small 
pencil of parallel rays is incident directly on a concave spherical 



Let BAB' be the section of the 
spherical mirror, A the vertex or 
center of the aperture, the center 
of the curvature. The line -40 is 
called the axis of the mirror. Since 
the pencil is incident directly upon 
the mirror, the axis of the pencil 
will be in OA; and the ray which 





coincidea with OA will be reflected directly back again ; there 
the focus of the reflected rays must be in this line. 

Let SP be any other of the paral- 
lel rays ; join OP, and draw the line 
Pg, making the angle §i'0=the an- 
gle of incidence SPO; then P(y ia 
the reflected ray. But angle SPO 
equals alternate angle POq; there- 
fore the triangle qPO is isosceles, 
and Pq equals qO. 

When the incident pencil is indefinitely small, 
nitely near to A, the point q bisects the distance AO; for then 
P<l and Oq are each indefinitely nearly equal to half of AO. 
Let this position of y be F; then F is called the principal fociu 
of the mirror, and AF the principal focal length, or generally t 
focal length, and it equals half the radius. 

When the distance AP is not small, qO and qP are greater 
than half OP or OA, or q lies between F and A. The distance 
Fq is called the aberration of the ray, and it increases nearly i 
the square of AP, as is shown in Fakt II. 



When the pencil is large, the continual 
consecutive rays forms a curve as CFG iu 
the figure, having a cusp at F, where the 
greatest condensation of light takes place. I 
The curve CFC ia called a caustic curve, | 
and may be easily seen by placing a bri 
metal ring on a sheet of paper in the sun's I 
light. When the incident rays are paral- 
lel, as in the figure, the caustic is an epi- 
cycloid, or curve traced out by a point iu 
the circumference of one circle whilst it rolls 
upon another circle; the radius of the roll- 1 
ing circle being \ that of the mirror, and I 
of the fixed circle ^ of it, in this ease, f 
When the rays diverge from a point in thu I 



jteraection of tl 
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circumference of the section of the mirror, the caustic is also 
an epicycloid ; but in other cases it is not a determined curve. 

Art. 19. Prop. To find the focus of the reflected rays, when 
a small pencil of diverging rays is incident directly on a concave sphe^ 
rical mirror. 

Let PAP* be a section 
of the mirror, A the cen- 
ter of the aperture, F the 
principal focus, the cen- 
ter of the curvature, and 
Q the focus of the inci- 
dent rays. 

The ray QOA passing 
through 0, and falling perpendicularly upon the mirror at A, 
will be reflected directly back again. Let QP be any other ray 
of the incident pencil, and qP the reflected ray. Draw the radius 
OP which bisects the angle QPq ; therefore, by Euclid, book vi. 
prop. 3, we have 

QO'.qOiiQPiqP. 

When the pencil, for a first approximation, is very small, 
QP^QAf and qPssqA, very nearly. 

QO qO , 
.•.^ = ^ nearly. 

Let QA=:u, qA=zVf AF= the principal focal length =/, 
iJO= radius of the mirror =:r. 




Then /s= ^, and the above equation becomes 



M— r r — V 



u 



V 



Dividing by r, we have 



r u V r 
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This expression gives us Aq or v when / and u are known. 
If the rays had diverged from q, it is evident, from the nature of 
the proofy that they would have been reflected to Q, and hence 
these points are called conjugate foci. 

If we examine the figure^ we see that if Q be moved further 
away from A, q approaches A; and when Q is at an infinite 
distance, or the incident rays are parallel, then q coincides with 
F: if Q approaches A, q recedes from it, and they meet at 0; 
for then every ray, being incident perpendicularly upon the mirror, 
will be reflected directly back again : if Q lies between and F, 
q lies beyond from A ; and when Q comes to F, 9 is at an 
infinite distance, and the reflected rays are parallel : if Q lies 
between A and F, the reflected rays diverge, and q lies on the 
opposite side of A ; and when Q comes to A^ q coincides with it 
again ; if Q lies on the opposite side of A^ or the incident pencil is 
convergent, q lies between A and F. 

The relative positions of Q and q are easily deduced from the 
analytical relation, - = ^ : the quantities which are here con- 
sidered positive being measured from A towards the right hand, 
must be taken negative when measured in the opposite direction. 

Thus, if ti= 00 then - = :? and v==/ 

r / -^ 

or, q coincides with F. 

or, q lies between F and O. 

1 1 
„ tt=r ...,-= ... t;=r 

V r 

oXf q coincides with Q at 0. 
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1 1 
Thus, if u ^r^f then - < - and v^r 



» 
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or, q lies beyond from A. 

1 i^ 
U = f ....-=0 ...t?=QO 

or, q is at an infinite distance. 
u<:f .... - is — ^* ... t? is — ^* 



>> 



j> 



or, q lies to the left liand of A. 
tt=0 ...,- = — 00 , . . t?=0 

or, g^ coincides with Q at ^. 



or, g' lies between -4 and F. 



fi 



1 1 . 

11=: — GO .,..-=: -J. ... ??=/ 



or, g coincides again with F. 
These various positions of the conjugate foci are easily verified 
by experiments. 

Art. 20. Prop. To find the focus of the reflected rays when 
a small pencil of diverging rays is incident directly on a convex 
spherical mirror. 

Let PAP be the mirror, 
of which A is the center of 
the aperture, and the cen- 
ter of the curvature. Let q^ 
Q be the focus of the inci- 
dent rays, QA the ray which 
falls perpendicularly on the 
mirror, and is reflected di- 
rectly back again, or in the 
line OAQ. Let QP be any 
other ray of the pencil ; draw 
the radius OP, and produce it to p ; draw the line P^^ making 
the angle ^Pp=: angle of incidence QPp ; then P^ is the reflected 
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ray : let it^ when produced, meet the axis of the mirror OA in q^ 
which is the virtual focus of the reflected rays. 

If we produce the direction of QP to Q', the line OP bisects 
the angle QlPq, the exterior angle of the triangle QPqi therefore, 
by Euclid, book vi. prop. A, 

QO:qO::QP:qP. 

In a first approximation we suppose the pencil very small, 

and 

QPssQA, qP^qA, very nearly. 

.•.|^ = g very nearly. 

The change of the rela- 
tive positions of the conju- 
gate foci Q and q may be 
traced geometrically, as in 
the last Article, and will be 
found to accord with the 
results of the analytical dis- *o 
cussion below. 

Let QA =s ti, qA = v, 
OA^r, OF»AF=f=: ^, then the last equation becomes 

u+r r^'V 




u 



or, dividing byr, - + - = 



r u V r 
whence i = ? + l 

V r u 

f « 

From which equation v is found when / and u are given ; and 
therefore the position of g, the virtual focus of the reflected rays, 
is known. 
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To trace the corresponding positions of the conjugate foci^ 

ifu=0 then-=QO andt;=:0 

or^ Q and q coincide at A, 



then -= 

V 


:Q0 


1 1 


i_ 

V 


1 

7 



„ -f- «<Q0 • • • • ~ > "7" ... V </ 

or, q lies between A and Fr 
„ u^cfo .... — =-7- • . . . t?=/ 

or, g' coincides with F. 

Ill r 

V r f '' 

or, g' lies between F and 0. 

1 1 
„ --w=r .... -=- . . • t?=r 



tf r 



or^ 9 coincides with Q at 0, 



/• 11 



or, q lies beyond from A. 



„ —u^f .... -=0 . . .v=oo 



or, g' is at infinite distance. 



„ — w </ .... - is —'* ... V is — 



▼e 



or, q is on theright-hand sideof ^. 



„ — w=0 . . . .-=—00 . . .t?=0 



V 



or, g and Q coincide at ^ again. 



In the two preceding propositions a diverging pencil has been 
taken for a standard case, as incident on a concave and a convex 
mirror ; but any case whatever being taken, and the corresponding 
formula being investigated, all the other cases can be deduced 
from it by changing the signs of the various lines when they have 
to be measured in a contrary direction. 

Ex. 1. The formula for a concave mirror and a diverging 
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pencil being -=^ — ; to show that for a diverging pencil and a 

convex mirror we have -=-j;4--. 

V f u 

Since the focal length of the convex mirror is negative, if 
that of the concave is positive, therefore in -=^ — we put — / 
for^ and have 

V \f uJ 

which shews us that v must be negative; therefore, putting — r 
for Vf and changing the signs on both sides, we have 

1=1+1 

V f u 

Ex. 2. To deduce the case of a plane mirror from the formula 
for a coDcave mirror. 

In a plane mirror we must consider the radius as infinite, and 
/=«,ory=0 

1 1 

.'. -= — ort?=— M 

V u 

or q is at an equal distance on the opposite side of the mirror 
to Q. 

Art. 21. Prop. To prove that in the reflexion of a pencil 
at a spherical mirror, the focal length is a mean proportional be- 
tween the distances of the conjugate foci from the principal focus. 

Taking the expression n^~~4' *® investigated in Articles 19 

and 20, we have 

u^^r^r — V 
u " V 

... «±r+i=':zf+i 
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briDging to a common denominator on each side^ and dividing, 
we find 

2u+r_ r 



or, 



or, 



whence 



"'^2_ 2 

■^2 2-" 

FQ_FA 

FA'^Fq 

FQxFq=FA^:=zFO^. 



If the first formula were adapted to any other case, we should 
find the same result ; and since the conjugate foci always lie 
on the same side of the principal focus, the above expression 
suffices to find either of them for a given mirror when the other 
is known. 

We have supposed the incident pencil to be small in the 
three preceding propositions ; when it is large, the reflected 
pencil is not brought very nearly to a focus, but the rays which 
are incident at a distance from the axis of the pencil have an 
aberration which is too large to be neglected, and which prevents 
the use of such mirrors where an accurate image of a luminous 
point is indispensable. 

ON THE FORMATION OF IMAGES BY SPHERICAL MIRRORS. 

Art. 22. Prop. To shew thai if an object before a spherical 
mirror be a circular concentric arc, then the image fanned by 
small direct pencils will be a similar concentric circular arc. 

First, let the mirror be 
concave, as JlAA^* in the 
figures ; let be the cen- 
ter, and QfQQf^ the object, 
which is a circular arc with 
center 0, and which lies be- 
tween the principal focus F 
and in this figure, and be- 
tween A and F in the next. 

1)2 
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Since the conjugate foci lie 
always on the ray which is per- 
pendicular to the mirror^ on the 
same side of F, and that FQ x 
Fq=iF(y ; if we draw lines from 
the center O through any points 9 
as Of, Q, Q" in the object, we 
shall have the conjugate foci at 
9'^ Qy ^' ^^ ^hc same lines as in 
the figures ; and since the object 
is everywhere equally distant from 
0, therefore the image will be so also, and similar to the object. 

In the first figure the image is real and inverted; in the second 
it is virtual and erect', in both it is larger than the object, or 
is magnified in the proportion 




^_Oq_qA 



(Arts. 19 and 20) 



or the magnitudes of the image and object are proportional to 
their distances from the mirror respectively. 

If g^^j" had been an object in the first figure, QfQQ!^ would 
have been its inverted, real, and diminished imager and if the 
object be at an indefinitely great distance, the image is at the 
principal focus. 

So also if a series of converging pencils fall upon the second 
mirror, so that they would form an image q^q(f' if the mirror did 
not interpose, they will form a real image C^QQ". 

By placing an opaque screen, slsBC in the first figure, so that a 
small aperture in its center is at the center of the mirror, every 
pencil, limited by the aperture, will be small and direct; and 
therefore every point in the image will be distinct ; and being real 
can be received on a screen of the proper curvature. 

Small portions of the object may be considered as straight lines, 
and the corresponding portions of the image will be so also ; but 
if a large object were straight, we see that the imag« would be 
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- curved like that of a circular arc j and it is found to be always oae 
of the conic seetions. See Part II. page 42. 

If au eye be placed near in the second figure, every pencil 
passing through the pupil will be small and reflected nearly 
directly at the mirror; and an eye bo situated will see a distinct, 
virtval, erect, and magnified image. If the eye be in any other 
position, the parts of the image formed by oblique pencils will not 
be so distinct as those which are formed by direct oiies. 

Secondly, let the mirror A!AA" be convex, its center, 
Q'Q(^' the object; then we find the foci which are conjugate to 
the various points in the object, 
to form an image as q'qq" in 
the figure; which will be al- 
ways virtual, erect, and dimi- 
nished, and will be seen with 
its parts of greater or leas dis- 
tinct neaa by an eye in front of 
the mirror, as the reflected 
visual pencils are more or leas 
nearly direct. 

If a series of converging 
I pencils tended to form an image at q'q^', they would form after 
reflexion a real image at QQQ'. 

We have supposed the foci of the reflected rays to be those for 
small, direct pencils ; if the pencils, although small, were oblique, 
I then a fresh source of indistinctness in the image would be intro- 
\ duced, which is called confusion, depending on the degree of ob- 
liquity, and distinct from the aberration which depends on the 
figure of the mirror. See Paut II. page 4^6. 

We see that although a mirror might have the requisite figure, 
as a parabola, ellipse, or hyperbola, to reflect a large pencil from 
one point of an object accurately to or from a focus, yet for other 
points the incident pencils would be oblique, and the image would 

■I have more or less of confusion, for parts which were distant from 

Lthe focus of accurate reflexion. 
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We see also that tlie accurate siniiUrity of the image to the 
object depended on the form of the object being an arc concentric 
with the mirror ; if the object had been a straight line perpendi- 
cular to the axis of the mirrofj the centers of the object and 
image would have been similar, but distant parts would have 
been not only differently situated, arising from the curvature of 
the image, but the magnitudes of corresponding small parts would 
have borne a coiitinually changing ratio to each other : this is 
called distortion. 

The errors which therefore require to be remedied as much 
as possible in the use of mirrors in optical instruments, are aber- 
ration, confusion, curvature, and distortion. 



The same errors affect the use of lenses, but in different 



EXAMPLES. 



Ex. 1. Shew that if the axis of a small concave spherical 
mirror be directed towards a planet, the linear diameter of the 
image equals the apparent angular diameter of the planet multi- 
plied into the focal length, and the image is inverted. 

Ex. 2. When the moon's apparent diameter is half a degree, 
shew that her image formed by a concave mirror of 100 inches 
radius is .4363 inch diameter. 

Ex. 8. Show that if a small object be placed at the center of a 
small concave spherical mirror, the image will be equal in magni- 
tude to the object, but inverted. 

Ex. 4. An object being placed before a spherical mirror, shew 
its various positions, when the image is real, virtual, erect, inverted, 
magnified, or diminished, respectively. 

Ex. 5, A pencil of parallel rays falling on a concave spherical 
mirror parallel to its axis, what is the aperture of the mirror when 



2Dt 1 
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the rays falling near the edge of the mirror are reflected to the 
center of the aperture ? 

Ex. 6. If a parabolic burning speculum be placed directly 
in the radiant light and heat from the sun, shew that the heat 
in the focus is proportional to the square of the radius of the 
aperture of the speculum. 

Ex. 7. If a series of small plane mirrors are to be combined 
to produce a burning mirror by the sun's heat at a given distance^ 
how must they be arranged ? 



CHAPTER IV. 



ON THE REFRACTION OF LIOHT BY MEDIA BOUNDED BY PLANB 

SURFACES. 

It was explained^ in the Introductory Chapter, on the law of 
refraction, that for homogeneous light, or whilst the rays remain 
of one colour, the index of refraction for a ray passing from one 
medium to another is constant, but has different values for differ- 
ently coloured rays. 

We commence with the propositions for homogeneous light, 
and afterwards proceed to those which relate to light of mixed 
colours. 

Art. 23. Prop. TVhen a ray of light passes from a vacuum 
into a refracting medium, the angle of 
deviation increases as the angle of inci- 
dence increases* 

Let BAC be the surface of the me- 
dium, SA& the direction of the ray in- 
cident at A, and refracted in the direc- 
tion AR. Then if NAN' be the normal 
at Af SAN is the angle of incidence, 
RAN' is the angle of refraction, and 
S'AM the angle of deviation. 

Let lSAN=i, lRAN'=i\ /LS'AR=d. 

• • 

Bv the law of refraction -: — 5=/*, from which we see that the 
^ smr '^ 

angles t and t' increase together. 

Also, d^i—i 

, sin i _ _ __ - sin t + sin i' 

and -: 34-1 = 16+1= : — r, — 

sm V '^ sm r 




EEFRACTION OF LIGHT BY MEDIA. 41 



.. -: — —, — -. — ;,— — -^— .. . .i. (by trigonometry) 

'^ tan 



tan (—\ 
sin t— sin «'_/Lt— 1_ \ 2 / 

whence tan f =tan f!l^)=^ tan (l^\ 
2 \ 2 / /A + 1 \ 2 / 

and — ^ is always less than 90°, and tan (--^) increases with % 
and i'; .'. tan (-o-) and i^i or rf, increase with t and t. 

When the angle of incidence is so small that we may put t for 
sin if and i for sin i, using the circular measures of the angles, 
we have 



i'=— i and i—i^z=f^ i=rf 

4 i 

taking /Lt=5 for water, we have rf=p when i is small. 

. . . /Lt=;r for glass, . , . rf=- 

. . . u=jr for diamond, . . . rf=-=- 

2 5 



Art. 24. Prop. 7b find the value of the critical angle, or 
the limit of emergence^ when a ray of light passes out of a dense 
medium into a vacuum. 

It will be seen by the figure of the last proposition that if 
the angle of incidence SAN had increased up to 90°, the angle of 
refraction RAN^ would have increased to a less angle than 90°, 
and the course of the ray would have been the same whichever 
way it had passed ; but if the angle RAN^ of a ray moving in the 
medium were increased beyond this value, the law of refraction 
could no longer hold good, for sin SAN can never exceed unity, 
and therefore the limit to fi sin RAN' is unity, or the critical 

angle = angle whose sine is — . 
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All rays within the medium falling on the surface at a greater 
angle than this^ undergo total reflexion, none of them being capa- 
ble of emergence. 

The change from partial to total reflexion is easily seen on 
the internal faces of a prism of glass. An eye beneath the sur- 
face of still water sees all objects without^ crowded within a circle 
at the surface ; of which the radius subtends at the eye the angle 

whose sine is — ( =7); or an angle of 48° 35'. The part of the 

surface outside this circle reflects brilliantly the light from objects 
within the water. 

Art. 25* Prop. To shew that when a pencil of parallel 
rays is incident on the plane surface of a refracting medium, the 
refracted pencil consists of parallel rays. 

Let PA, QB be two rays of 
the pencil which are incident on 
the plane surface CD of the re- 
fracting medium CDE, at A and ^ 
B respectively. Let AR, BS be 
the refracted rays, which we have 
to shew to be parallel. Let 
MAM\ NBN' be the normals to 
the surface at A and B respec- 
tively, which are parallels; by 
Euclid, book xi. prop. 6. 

Then Z of incidence PAM =Z of incidence QBN 
and Z of refraction RAM^^L of refraction SBN^ 

(by the law of refraction.) 
Also, plane PAM is parallel to plane QBN 

(by Euclid, book xi. prop. 15) 
and the refracted rays are in the same planes respectively. 

Produce the direction of RA to R ; join A, B, and let the 
plane RAB cut the plane QBS in the line BS, then the line 
R^AR is parallel to BS^ (by Euclid, book xi. prop. 16) 
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VLudLS^BN^AR'AM . . (by Euclid, book xi. prop. 10) 

=Zof refraction RAM^ 

=Zof refraction SBN' 
.*. S'B and BS are in one straight line, and BS is parallel to AH, 
or the refracted rays are parallel. 

The same can be shewn to hold for all the other refracted rays, 
or the refracted pencil consists of parallel rays. 

Cob. The transverse section of the pencil in the dense me- 

cos t' 

dium is greater than that of the incident pencil in the ratio ; . 

° '^ cos I 

For if A be the area of the common section of the refracting sur- 
face by the pencils, we have as in Cor. Art. 3, 

X area of refracted pencil _^ , cos i'^cos i' 
_L area of incident pencil ""^ . cos i ""cos t ' 



The intensity of the light in the refracted pencil =nx 



cos t 



cos t' 



;/ 



intensity in the incident pencil ; if n : 1 is the proportion of the 
transmitted to the incident rays, allowing for the loss by reflexion 
at the surface, and the dispersion and absorption by the dense 
medium. 



Art. 26. Prop. When a ray of light passes through a 
plate of a medium of which the refracting surfaces are plane and 
parallel, the direction of the emergent ray is parallel to that of the 
incident ray. 

Let PABQ in the plane of 
the figure be the path of the 
ray, which is incident upon the 
first surface of the plate at A, 
refracted in AB and emergent 
irom the second surface at B, 
Let MAM^, NBN' be the nor- 
mals at A and B respectively, 
which are parallel, since the 
surfaces of the plate are so. 
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Then BAM' the angle of refraction at A=ABN' the angle of 
incidence on the second surface at B ; and il fihe the refractive 
index, we have 

sin QBiSr=/^ sin ^IBiV' 

=fi sin BAM' 

=iiaPAM 
.\AQBN=iAPAM, and the incident and emergent rays are 
parallel. 

Cob. When a pencil of parallel rays traverses a plate of a 
refracting medium, the emergent pencil consists of parallel rays, 
and is of the same transverse section as the incident pencil. 
The intensity of the light in the emergent pencil is less than 
that in the incident pencil, from the dispersion and absorption by 
the medium, and the reflexions at the two surfaces. 

Art. 37. Prop. Having given the absolute refiraciive in- 
dices for two media, to find their relative refractive index. 

The relative refrac- 
tive index for two 
given media being con- 
stant, ' if we find an 
expression for it from 
any incidences, it will 
hold for all others. 

It is found by ex- 
periment that if a ray 
of light passes through 
a series of plates of 
dense media, all the 
refracting surfaces be- 
ing parallel planes, that the emergent ray is parallel to the inci- 
dent ray. 

Let PA be a ray incident upon the first dense medium at A^ 
which being refracted in AB enters the second medium at J3, 
and being refracted again in BC, finally emerges in CQ, which 
is parallel to PA, 
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Let mAm\ nBn!, pCj/^ be the normals at A, B, C respec- 
tively. Then if fi^ be the absolute refractive index of the first 
medium^ fi^ that of the second^ and fJ the relative refractive 
index of the two media^ we have 

__ sin PAm _ sin QQ?' 

'^^^ sin B Ami ^^"'sm^Q? 



- , sin ABn 

and fi'=- — j^pn-i 

^ sin CBn 



I 



_ sin BAnJ _ sin BAm! sin QCp' 
"" sin BCp "" sin PAm sin BCp 

If P'D be a ray parallel to PA, which enters the second 
medium directly at D, it will emerge from it at J? in a direction 
EQ!, which is parallel to PD and PA, and therefore to CQ; 
and hence the direction ED and CB in the medium must be 
parallel. The same holds good for any number of plates super- 
posed on each other ; or the direction of a ray in passing through 
any one of the plates is parallel to the course it would have taken 
if it had entered the plate directly. 

We see that a small pencil of rays coming from a distant 
object will have a small lateral displacement on passing obliquely 
through a series of refracting plates^ but no deviation ; and since 
the lateral displacement is very small compared with the dis- 
tance^ the object appears in the same place whether the plates 
be interposed or not^ provided the plane surfaces be accurately 
parallel. This is a point of consequence in the theory of 
Hadley^s sextant. 

The refraction of the earth^s atmosphere causes the heavenly 
bodies to appear higher than they would do^ if it did not exist ; 
and when they are not very far from the zenith, we may sup- 
pose the strata of the atmosphere through which their light 
passes to be parallel planes, which continually decrease in density 
as we ascend; but the deviation of a pencil is the same as if 
it had entered the more dense stratum at the earth's surface 
at once. This deviation in astronomy is called the refraction of 
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the heavenly body^ and is found by observations to be in accord- 
ance with the optical rule. 

Art. 28. Prop. . To find the form of a small pencil of tight, 
after refraction directly at a plane surface of a medium. 

First. Let Q be the 
focus of the incident rays^ 
QAB the ray which falls 
perpendicularly on the 
plane refracting surface 
at A, and therefore en- \ 
ters the medium without 
deviation. Let QP be any other ray incident at P\ let NPN' 
be the normal to the surface at P and parallel to QAB ; and let 
PR be the refracted ray^ which being produced backwards cuts the 
Ime ^Q at ^. 




Then, angle of incidence QPN =LPQA 
and angle of refraction RPN*=APq'A 

mn QPN sin PQA 
^^ sin RPNf sin P^ A 
_Pq' 
^PQ 



also 



or, since the pencil is small and PQ=AQ, Pgf=:A^ nearly, 

.\Aq'=fi .AQ 

If we put AQ=u, Agf=:t/, we have 

v!=fiu 

which gives the point gf, from which the pencil diverges after 
refraction. 

When P is not so near to A that we can put QP=QA, let 
t=Zof incidence, t'=Zof refraction ; we have 



QP= 



u 



u' 



cost 



a'P= Til and since q^P—ii. QP 

^ cos t' ^ '^ 

I COS i' 

*\W^=ll tU 

cost 
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wliich is greater than the first value of v! ; or^ there is aberration 
in the refraction of a pencil at a plane surface. 



Secondly. Let Q be the 
focus in the figure to which 
the pencil converges before 
incidence^ g' the focus to 
which the refracted pencil 
converges ; then solving the 
triangle QP^^ we find the 
same results as in the last 




case; or, 



A^=:fl.AQ 



If q' had been the origin of a pencil of diverging rays within the 
medium, then the emergent rays would have diverged as if they 
proceeded from Q. 

Art. 29. Prop. To find the form of the emergent pencil 
when a small direct pencil of rays passes through a plate of a 
refracting medium, unth parallel plane surfaces. 

Let Q be the focus 
of the incident pencil, of 
which QAB the axis is 
incident perpendicularly 
on the first surface of the 
plate at A, and emergent 
perpendicularly at the 
second surface at B. 

Let QP be another 
ray of the pencil incident at P, refracted in gfPR, and emergent 
at JR, in the direction qR, so that q is the virtual focus of the 
emergent rays. 

Let QA=u, ^A=ul, Bq=v, and AB= thickness of the 
plate =/. 

Then by the last proposition yl=s/iu 
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and if the pencil had come the contrary way converging to q, we 
should have 

B^=zfi.Bq 
or t-\'t/=fiv=^t'{-fiu 

which gives the position of q. 

Also Qg'=JBQ— Bg=tt + /— V 

If the plate be of glass, for which /l6=-, we have 

At 

n 2^\ ^ 

2 

or, the rays diverge after emergence, from a point which is nearer 
to the plate by ^ the thickness. 

If the rays converge before incidence to a focus at 9, the 
same proof shews us that after emergence they will converge to a 

focus as Q, which is distant — / beyond q, from the plate. 

When the pencil is large, it is shown in Part II. page 60, that 
there is an aberration which depends on the thickness ; and that 
when the pencil is oblique, there is confusion. 

In the formation of images by pencils refracted at plane sur- 
faces, if the incident pencils arise from an object either within 
or without the medium, the image will be always virtual; but 
if converging pencils would have formed a real image, provided 
the refracting medium had not interposed, then a real image 
will be formed by the refracted rays. 

Art. 30. Prop. To find the position of the image formed 
by small direct pencils from an object, which have been refracted 
at the plane surface of a dense medium. 
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First. Let the object be exterior to the medium Af, as Q"Q C? 
in the figure ; from any point Q draw 
a perpendicular line to the surface 
AQq\ and make Aq^^fi.AQ, then g' 
is the point from which the refracted 
rays diverge^ and the virtual image of 
Q : the same being performed for all the 
other points in the object, we have an 
image g'^^'V'^ ^^ ^^ ^^® figure, more dis- 
tant from the surface than the object ; 
and their directions produced meet at 
the surface. 

Secondly. Let the object be within the medium, as, for 
instance, in water, as in the figure. If the rays diverged from 
an object, as q^q", pa- 
rallel to the surface, 
by drawing perpendi- 
culars to the surface, 
and measuring the dis- 
tances, as in the second 
case of Art. 28, we should find the position of the virtual image 
from which the emergent rays proceed, as QQf, also parallel to the 
surface, and nearer to it than the object by the distance 




=^('-^) 



Therefore a small object in water appears to an eye over the 
surface to be nearer to it by a quantity 



A^ 



1-1 

4 
3 



Aqf 

" 4 



than it really is* 

If pencils of rays had converged to form a real image at QQ!, 
if the medium had not interposed, they would form a real image 
at jf'g". 

If the object had been inclined to the surface, the image would 
also have been inclined, but at a less angle. 

£ 
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as 



Art. 81. Prop. To find the position of the image of an object 
when the pencils have been refracted by a plate with parallel plane 
swrfaces. 

Let Qg QQ' be the object, and 
drawing a perpendicular QqAB to 
the surfaces of the medium from any 

point Q, make Qq^AB (^^^) 

found in Art. 29, we have q the focus 
of the rays emerging from the plate.® 
The same being done for all other 
points in the object, we have an image 
equal and similar to it, as qxqq<i in 
the figure. 

In this case the only effect has been to make the object appear, 
to an eye on the opposite side of the plate, to be drawn nearer to 




it by the distance ABU- — j. 



When the incident pencil is not very small, there is aberration, 
which varies directly as the thickness of the plate and the square 
of the half diameter of the pencil ; so that for a very thin plate it 
is insensible, however large the pencil may be. 

When the pencil is oblique, the confusion depends on the 
obliquity, and is also directly as the thickness of the plate ; so that 
in thin plates it is insensible. 



'An optical prism differs from a geometrical one in two of the 
inclined faces only being requisite to produce the optical effects. 
The ordinary form used is a triangular prism of glass, and in the 
very fine ones two of the faces only are polished. 

Those made at the manufactory of Utzschneider and Fraun- 
hofer at Munich* are pre-eminent for the purity and homo- 



* Now carried on by Messrs. Merz and Mahler. 
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geneity of the glass^ as well as the accurate planeness of the 
surfaces. The use of prisms of this quality will be seen from 
the articles on the chromatic dispersion. 

The common prisms which are sold in the opticians' shops 
are generally sufficient for the most ordinary experiments only ; 
better prisms may be made with two rectangular pieces of plate 
glass firmly set to form two sides of a triangular box^ which can 
be filled with water, spirit of turpentine, or other liquid. 

The angle of a prism is the angle between the plane refract- 
ing surfaces ; and the edge of the prism is the line in which they 
meet. 

Art. 32. Prop. When a ray of light passes in a perpendicular 
section through a prism of a dense refracting substance, the deviation 
is always towards the thicker part of the prism. 



Let ABC in the figures 
represent the perpendicular 
section of the prism by the 
plane of the paper, and let 
BAC be the refracting angle 
of the prism. Let 8P be the 
incident ray in the figures, 
PQ the refracted ray within 
the prism^ QR the emergent 
ray. 

The angle of incidence at P 
may be such that the refracted 
ray PQ may either make an 
acute angle with ^Q at inci- 
dence on the second surface 
at Q, as in the first figure; 
or fall perpendicularly on the 
second surface, as in the se- 
cond figure; or, lastly, may 
make an obtuse angle with 
AQ, as in the third figure. 




E 2 
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Let mi be th« normal to the 
surface at P, mQthat at Qy meet- 
ing nPri at vl in the first figure^ 
and at n in the third. 

In the first figure let the di- 
rections of the incident and emer- 
gent rays meet at 7)^ making 
L QDE the deviation. The re- 
fractions at P and Q are both 
towards the thicker part of the 
prism^ and therefore the whole 
deviation^ which is the sum of the bendings at P and Q, is so 
also. 

In the second figure^ the incidence on the second surface being 
perpendicular, the ray emerges perpendicularly, and the ^ QPD 
between the directions of the incident and emergent rays is the 
deviation^ and towards the thicker part of the prisnu 

In the third figure let D be the point where the directions of 
the incident and emergent rays meet; the refraction at P is 
towards the thicker part, and at Q it is from it ; but the angle of 
refraction, riPQ at P, is greater than the angle of incidence on 
the second surface nQP, since it is the exterior angle of the tri- 
angle PnQ, and to the greater angle belongs the greater deviation; 
therefore the deviation at P towards the thicker part is greater 
than the deviation at Q towards the thinner part, or the whole 
deviation QDP is towards the thicker part. 

If we had taken the rays coming in the contrary direction, or 
had taken RQ for the incident ray, varying in the directions of 
incidences, we should have had the same results. 

Cor. If the prism had been rarer than the surrounding 
medium, the refractions would have been of an opposite kind, and 
the deviation towards the thinner part of the prism. 



Art. 33. Prop. To show that the algebraic sum of the angles 
of refraction at the first surface and of incidence at the second 
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surface of a prism equals the 
refracting angle of the prism ; 
and*to find an escpression for 
the deviation. 

Using the same figures as 
in the last proposition^ we 
have in the annexed figure 
the quadrilateral P AQn', 
right-angled at P and Q; 
and therefore 



LPAQ-\-LPnfQ 
.\Ln^PQ-\-An'QP: 

or the sum of the angles of 
refraction at the first surface 
and incidence on the second 
surface equals the angle of 
the prism. 

In the annexed figure, the 
angle of incidence on the se- 
cond surface = 0, and 




:2 right angles 

•LPn'Q+An^PQ-j^Ln^QP 

APAQ; 




Ln^PQ'\-AAPQ=2L right angle 

=APAQ-\-AAPQ 
.\LriPQ=LPAQ) 



and the proposition holds 
good. 

In the annexed figure, the 
angle mnrl between the nor- 
mals equals the angle be- 
tween the surfaces, or, 

Lmnri-LPAQ 
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and /LvlPQ^LrinQ-\-/LPQn 

=zAPAQ+LPQn 
or, Ar/PQ^APQn=zJLPAQ. 

The angle PQn being here measured on the other side of the 
normal to the first case^ becomes negative^ and the proposition 
holds good as before. 

Let d be the deviation^ a the angle of the prism^ t the angle of 
incidence at the first surface^ i' the angle of refraction, ef the angle 
of incidence at the second surface, e the angle of emergence. 

Then, in the first figure, rf= ZQD£ 

=AQPD-\-LPQD 

In the second figure, rf =Z QPD 

•I 

which might be derived from the last case by making 6=0. 
In the third figure, rf=Z QDP 



=« 

=« 
=1 



—Z between nn! and QD 
-{APQD+An'PQ) 



= « — 6— a 



which might have been derived from the first formula by taking 
e negative as falling on the other side of the normal. 

Art. 34. Prop. To find ewpressions for the deviation in terms 
of the angle of the prism, and the refractive index. 

There are three cases in which the deviation is expressed very 
simply : first, when the angle of the prism is small, and the ray 
passes with very little obliquity through it, or the angles of inci- 
dence and emergence are small ; secondly, when the ray is incident 



REFRACTION OF LIGHT BY MEDIA. 55 

or emergent perpendicularly; and, thirdly, when the angles of 
incidence and emergence are equal. 

Taking as the general formula 

we have also sin i=fi sin i^, Bme=fi sin e! 

and a=i'-|-e'. 

When i and e are small, as well as a, we have,, since the arcs 
may be put for their sines, 

i=:ifii^f ^=/i6' nearly 
and .'. d=fjb (i' + e') — « 

= (/*-!)« 

or the deviation is in t|;iis case constant very nearly ; and when 
/t=| for glass, is half the angle of the prism. 

When the ray emerges perpendicularly, we have 

e=zO, €f=0 

.*. a=i^, and sin i =/l6 sin i^=fi sin a 
whence t s= arc (sine =ifi sin a) 

=8in""^ (/Ltsina) 
/. e;=arc (sine=/Lt sin a) — u 
= sin""* {fi sina)— «• 

When the angles of incidence and emergence are equal, we 



have 


f=e, f'=c', and a=z2i^ 


and 


d^Zi-u 


also 


sin i=/t sin I's /t sin ^ 



i = arc f sine =/L6 sin ^ j 
= sin~M/Lt sin ^j 
.•.rf=2arcfsine = /Lt sin o)"~* 
=2 sin-^ [^ sin s )""«• 
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Art. 85. Prop. To investigate expressions for determining the 
value of the refractive index for a ray of light passing through a 
prism, of which the angle and the deviation in one of the three 
simple cases are knovm. 

When the angle of the prism and the angles of incidence and 
emergence are small^ the formula 

rf=(^ — l)a 

d-hu 
gives us M— — ' — 

a 

and hence fi is known when d and a are known. 

When the ray emerges perpendicularly, we have the formulae 

d=zi—u, and f^==a 

__ sin f __ sin (rf+ a) 
sm r sm a 

which gives /i when d and a are given. 



When the angles of incidence and emergence are equal, we 
have the formulse 

rf=2i— a, and i'=n 



. . sm ( -jr- 1 

im t \ 2 / 



d+a' 
smi 
__ sm 

'^ smr •„ u 

sm -. 

2 



This last formula is the one which is to be used when /i is 
required to be determined with great accuracy from experimental 
measures of the angle of the prism and the deviation of a ray of 
light of a given colour. The deviation in this case is a minimum, 
as is shown in Fart II. page 62 ; and the confusion is very small 
when the ray passes through but little thickness, as near the edge 
of the prism. 

Though several other methods of determining fi experimentally 
are applicable with advantage in particular circumstances, yet 
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they are very inferior in accaracy to this method^ when a prism of 
the medium can be used as above described. 



Art. 86. Prop. To find the form and position of the image of 
an object placed before a thin prism of a small refracting angle. 

We suppose the rays by which the image is formed to be inci- 
dent and emergent so nearly perpendicularly to the surfaces [that 
we may use the formulae for small direct pencils in finding the 
position of corresponding foci. 




Let BAC be the prism of small refracting angle; and let an 
arrow at Q, as in the figure^ be the object. Draw nQq^ a normal 
to the first surface through any point Q, and take 

nq^^fii^nQ 

then after refraction the rays in the prism will diverge as if 
from 9^. 

Draw qfipn a normal to the second surface of the prism through 

9p and take 

mq^ 
mq= — ^ 

/^ 

then after emergence the rays will diverge as if they had come 
from q; and the same being performed for the other points in 
the object^ we find the corresponding points in the virtual image 
at q, as in the figure. Neglecting the thickness of the prism^ we 
may consider the image as appearing to an eye at « in a different 



direction, but nearly at the same distance and of the same form a 
the object. 

What is here shown for a thin prism holds good for a pris m t 
any angle when the image ia formed by small pencils pa3aiI^ 
through the prism at the angle of minimum deviation, as will 1 
shown when we consider the oblique refraction of pencils. 

We have to remember that we consider hitherto the light sub- 
ject to refraction to be homogeneous, or of one colour only. Such 
light it is very far from easy to procure ; the purest artificial light 
being obtained from the spirit- of- wine lamp, by putting a few 
grains of common salt on the wick, when the flame becomes of a 
very homogeneous orange light, though unfortunately not of great 
intensity. If the arrow in the figure were illuminated with this 
light, we should see a distinct image, as found above. The reason 
of the image appearing coloured and indistinct when the object ia ■ 
illuminated with ordinary light will be understood when the cbajH J 
ter on chromatics has been studied. 



EXAMPLES. 

Ex. 1. Show that a ray of light entering a medium for whi^ 
the refractive index is r4-142 [=^2), cannot have a greater dM 
viatioQ than 45°. 

Ex. 2. On looking into a plate of glass (/a=|), the thicknes 
appears to be f of an inch ; what is the real thickness ? 

Ex, 3. A straight rod being partly immersed in a fluid, tht 

part out of the fluid making an angle a with the surface, the imagel 

of the part immersed makes an angle «/, such that 

, tan. a 
tana'= - - - 



Ex. 4. A piece of glass being placed in water, show that thS 
refractive index for a ray passing from the water into the glass ia^ 
^, and from the glass into the water is |. 
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Ex. 6. Show that when a prism of glass of a small refracting 
angle is immersed in water^ the deviation of a ray passing through 
it is only one-fourth of what it is in air. 

Ex. 6. Show that if the angle of a prism of any suhstance be 
greater than twice the critical angle, no ray of light can pass 
through the prism. Explain from this why we never see through 
two contiguous faces of a cube of glass. 

Ex. 7. The angle of a prism of glass being 60% show that the 
minimum deviation of a ray of light passing through it is 37® lO^ 
nearly; having given that sin (48® 85')= '75 nearly. 



CHAPTER V. 




ON THE REFRACTION OP HOMOOENEOUS LIGHT AT CURVED 

SURFACES OP MEDIA. 

The surface of accurate refraction, or that which refracts to a 
point 4 a penca of rays di- 
verging from a point Q, in the 
figure, is formed (see Part 
II. page 68) by the revolu- 
tion of a transcendental curve 
about the axis QA^y which 
is such that for any incident ray QPy we have 

= a constant quantity for every ray. 

In a few particular cases the curve becomes one of the conic 
sections ; but the surfaces of accurate refraction are of less import- 
ance than those of accurate reflexion, because there are means of 
correcting the errors in dioptrical instruments, by the errors of one 
refraction compensating for those of another, which do not exist in 
the same way in catoptrical ones. 

Art. 37. Prop. If a pencil of parallel rat/s fall parallel to the 
axis upon a convex surface of a refracting medium which is a prolate 
spheroid, the eccentricity of the generating ellipse being the reciprocal 

of the refractive index, or e=^—> then the pencil unll be refracted 



accurately to the further focus. 

Let QA be the ray in- 
cident perpendicularly at 
Ay and which passes along 
AGS A* the axis of the 
spheroid ; QP another ray 
of the pencil incident at P, 
and refracted in PS. Let 
PG be the normal to the 
ellipse at P. 



/* 
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Then by the property of the ellipse, if S be the further focus, 
we hdive 8G=e.8P. 

Produce the direction of PG to JV; then 

L of incidence QPN=zZ,AGP=i, say; 

and if f be the angle of refraction, we have 

sin f 1 

sm re 

_SP 
""SfG 

_ sin AGP 
~ sin SPG 

and i=LAGP .\1=LSPG 

, and SP is the refracted ray corresponding to QP ; similarly every 
other refracted ray will pass through 8, Reciprocally, if a pencil 
of rays diverged within the medium from fif, they would after 
emergence be parallel. 

Art. 38. Prop. If a pencil of rays diverging from a point 
which is the further focus of an hyperboloid of revolution, about 
the major axis, which form^ a convex refracting surface of a dense 
medium, the eccentricity of the generating hyperbola being equal to 
the refractive index or e=^fjL, then the rays within the medium will be 
parallel to each other. 

Let S be the point from 
which the rays diverge, and 
SjSAG the one passing in 
the axis of the hyperboloid, 
without changing its direction 
on entering the dense medium 
at A, Let SP be any other 
ray incident on the hyper- 
boloid at P, and PG the normal, which is produced to N. 

Then from the property of the hyperbola SG^e.SP; and 
as in the last proposition 
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sm t 



sin } 



SG 



" SP 

_ sin SPG 
"" sin SGP 

and LSPN^i .\ASGP=zi'; and if we draw PQ parallel to 
AG, it will be the direction of the ray within the medium ; 
similarly every other ray within the medium will be parallel 
to AG. 

Reciprocally, a pencil of rays within the medium, parallel to the 
axis of the hyperboloid, would after emergence converge to 8, 

Art. 39. Prop. 77ie refraction at a spherical swrface is 
accurate, for a diverging pencil at a concave surface and for a 
converging pencil at a convex surface, when the radius is a mean 
proportional between the distances of the conjugate foci from the 
center. 



Let Q be the point from 
which the pencil diverges 
when it falls on the concave 
spherical surface in the up- 
per figure, and the point 
towards which it converges 
when incident on the con- 
vex surface of the medium 
in the lower figure. 

If the radius OA and 
distance Og' be in the rela- 
tion to OQ as follows : 

QO:AO::fi:l 

::A0: q'O 

which gives QA=:fi.^A, then </ is the accurate focus of the 
refracted pencil. 
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For the triangles QPO, gfPO, having a common angle at O, 
and the adjacent sides proportionals^ are similar^ by Euclid, 
book vi. prop. 6; for AO=:OP, 

QO OP 

^"^ OP = ^ 

QO_OP ^_ 2^0 
•*• QP^^P ^^ OP''^q'P 

Now in triangle QPO 

Q0_ sin QPO 
QP "■ sin POA 

iO _ sin (jPO 
g'P "" sin POA 
sinOPO=/A.sin ^PO 



and in triangle (fPO 



and QPO is the angle of incidence for any ray; and therefore 
(fPO is the angle of refraction, and ^ is the accurate focus of the 
refracted pencil. 

CoR. The reciprocal of the above evidently holds good, that a 
pencil within the medium having // for focus will after emergence 
have Q for accurate focus. 

When a pencil of rays is refracted at a spherical surface of a 
medium, the refraction is not accurate, except in the cases of the 
last proposition, and when the pencil converges towards or diverges 
from the center ; there being generally aberration, as in mirrors, 
and a caustic similarly formed ; but at the focus, which is the 
cusp of the caustic, the refracted rays are collected approximately 
to a point for a pencil of small magnitude ; and as spherical and 
plane surfaces only are used in dioptrical instruments, it is neces* 
sary to know the properties of such surfaces : the corrections will 
be found treated in Part II. 

Art. 40. Prop. To find the focus of the refracted rays 
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when a small pencil of parallel rays is incident directly on a convex 
spherical surface of a dense medium. 

Let PAP^ be the con- 
vex surface of the dense 
medium^ of which O is 
the center. Let SAO 
be the ray of the pencil 
which passes through O, 
and therefore is incident 
perpendicularly at A, and 
enters the medium without deviation. Let SP be another of the 
parallel rays refracted in P^, and meeting the ray SAO in 5', 
which is the focus of the refracted rays required. 



Draw the radius OP, and produce it to N. 
Then angle of incidence SPN=zAAOP=:i, 

and angle of refraction ssZOPg^=i'. 

Let fi be the refractive index, and r be the radius OA or OP. 
the triangle q^PO we have 




In 



sm 



AOP smi __ _^P 



sin q^PO 



sin t' ^"" q'O 



When the pencil is small, we have gfP=gfA very nearly, which 
is called the principal focal length of the refracting surface. Let 
(iA^f\ then 

^A r_ 

and ,__ /ir 

3 

If the refracting medium be glass and ft'^= , then/^sSr. 

Art. 41. Prop. To find the focus of the refracted rays when a 
small pencil of parallel rays is incident directly on a concave spherical 
surface of a dense medium. 

Let PAP' be the concave refracting surface, of which O is 
the center. Let SO A be the ray which enters the medium with- 
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out deviation ; 
SP a ray inci- 
dent at Py and 
refracted in PjR, 
which being 
produced meets 
the line SO A in 

gf. The pencil being small^ the distance A^ is the principal focal 
length/'^ which is measured in the contrary direction to that in 
the former case ; the focus now being virtual. 

Draw the radius OP, and produce it to N. 

The angle of incidence 8P0 =/LAOP=:i 
atigle of refraction NPR=: Z 0P^=zif. 

Putting AO=r, and solving the triangle q'PO as in the last 
proposition, we have the same result ; or, 

/Lt— 1 

Art. 42. Prop. To find the focus of the emergent rays when a 
small pencil of parallel rays within a dense medium is incident upon 
a spherical surface. 

Let the surface of 
the medium be con- 
vex in the upper and 
concave in the lower 
figure, and SA, SP 
rays within the me- 
dium which are par- 
allel, and 8 A passing through 
the center 0. 

Putting the same letters for / S ^ 
the same things as in the pre- 
vious propositions, and 

c'= Z of incidence within the medium, 
« = Z of emergence. 

F 
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we have, as before, 



sin, e _ _ 9*0 
^7? ~'*~ g'P 



which for a small pencil becomes ultimately 



whence 



" /' 



Cob. Reciprocally^ if the rays had diverged from gf in the firsts 
or converged towards gf in the second figure^ they would have been 
refracted parallel within the medium. 

Art. 48. Prop. To find the form of the refracted pencil when 
a small diverging pencil of rays is incident directly on a convex sphc" 
rical surface of a dense medium. 





Let PAP be the sphe- 
rical surface of which the 
center is 0, Q the focus 
of the incident rays, and 
there will be two cases, as 
in the two figures, accord- 






ing as ^Q is greater or less than the value found for Agf in the 
last proposition ; q^ the focus of the refracted rays, which is real in 
the first figure and virtual in the second. Let QAO be the ray 
which enters the medium without deviation at A, QP another ray 
of the incident pencil, which is refracted in Pgf in the first figure, 
and in gfPR in the second. 

Draw the radius OP, and produce it to N. 



\- 
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Then, the angle of incidence = Z QPiV=i 
the angle of refraction 
let the angle POA 






= 

sin. t 



QO 



from the triangle QOP we have . = 7^7^ 

° sin. QP 



from the triangle q'OP 
by compounding. 



. . . • 



sin. __ ^P 
Bin.i'""5'0 
sin. f 



sm. t' 



=fM 



or 



_Q0 q'P 
" QP^^O 

QP^^'q'P' 

Since the pencil is very small, QP=iQA, and </P=q'A nearly; 
let QA=:u, q[A^%iy AO^r, 

QA "^ • q^A 
w + r 



we have 



or 



w' + r 



the upper sign referring to the upper figure, and the lower sign to 
the lower; whence, dividing by r, 

— t? r u 

"/ « 

which gives 9' the focus of the refracted rays. 

Art. 44. Prop. To find the form of the refracted pencil when 
a small diverging pencil is incident directly on a concave spherical 
surface of a dense medium. 

Let PAP' be the con- 
cave spherical surface of 
the medium, of which is 
the center. Let Q be the 
point from which the in- 
cident rays diverge ; QOA 
the ray passing through 

f2 
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Of and entering the me- 
dium at A without devia- 
tion; QP another ray in- 
cident at P, and refracted 
in PRf which being pro- 
duced backward, meets 
QA in ^f which is the vir- 
tual focus of the refracted rays. 

Then the angle of incidence =: Z QPO=t 

the angle of refraction = Z.RPN= Z.gfPO 
let the angle POA^o 




=t' 



from the triangle QPO we have 
from the triangle ^PO .... 
by compounding, 



sin, t ^ QO 
sin. QP 
sin. o ^ (fP 

To 



sin.t' 
sin. f 



sm. % 



,7 



= M 



QO dP 



or, 



QP 

Q0_ ^O 
QP-^'^P 



The pencil being small, we may put QA^QP, and q'A^^gfP*, 

QO _ q'O 
•'• QA'-^'q'A 



putting u^QA, iJ=^gfA, OA=r^ as before, 
we have 






whence 



u u 



T 



U 



r 



u 



which gives $' the virtual focus from which the refracted pencil 
diverges. 

CoR. Reciprocally, if the pencil within the medium had con- 
verged to 9^, it would after emergence cdnverge to Q. 
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I 

I 

I 



The casea of converging pencila" incident upon convex or 
concave surfacea may be solved directly, as in the two last 
propositions ; but as every case of the direct refraction of small 
pencils at plane or spherical surfaces may be deduced from 
either of these by taking lines negative, which fall in a direction 
opposite to what they do in the case taken for standard, we will 
apply that method to converging pencik, together with the other 
cases, and take for our standard caae the one in which a pencil 
diverging from a distant point is incident on a convex surface; 
for which the formula is 

u. t^ — l 1 



Art. 45. To adapt the formula to the case of a converging pen- 
cil inadent on a convex surface. 




Since the pencil con- 
verges, Q falls on the op- 
posite aide of A to the 
standard case; and there- 
fore u must he taken nega- 
tive, and the formula is 



If Q had fallen between A and O, we should still have had g' 
between Q and ; and tlie formula shows us that u' cannot change 
sign ; or q' is always on the same side of A. 

Cob. If the pencil within the mediam diverged from ^, it 
would after emergence diverge from Q. 

Art. 46. To adapt the standard formula to the case of a con- 
verging pencil incident on a concave surface. 



Since the incident pencil 
is converging, and the surface 
concave, we must change the 
signs of both u and r, and 
the formula becomes 
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I? r u 




We see that there 
will be two casesj as in 
the figures ; for vf will be 
positive or negative^ as « 

- is greater or less than ^— 

M-1 



CoE. If the rays within the medium diverged from ^ in the 
first, or converged towards g' in the second figure, they would 
after emergence diverge from Q. 

Art. 47. To adapt the standard formula to the case of a plane 
surface. 

The plane surface must be considered as spherical to radius 
infinity ; 

or, r=QO .\ =0 

r 



and -. = 

u' u 

or v!= — fiu 

as found in Art. 28, the negative sign showing that u' is to be 
measured in the same direction as u, or the contrary to what it is 
in the standard case. 

Abt. 48. To adapt the standard formula to the case of parallel 
rays incident on a concave surface. 

Since the rays are parallel, we must consider Q at an infinite 
distance, or ti=QO and - =0; also we have r negative, therefore 
the formula becomes 

u' r 
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where the negative sign shows that \i is to be measured in the 
contrary direction to the standard case, which accords with the 
result of Art. 41. 

Art. 49. To adapt the standard formula to the case of parallel 
rays incident at a convex surface , and also of a pencil diverging from 
a near point. 

For a pencil of parallel rays, we have t«=QO and - =0 



• • -> — 

u r 



and u*s=f'z= -^--rrs as found in Art. 40. 



r 



Again, if Q be so near A that u is less than r, the value 

/A— 1 

found for/' in Art. 42, we have 

u' \u r / 

and ijI is negative, ^ falling on the same side of A as Q, in accord- 
ance with the lower figure of Art. 43. 

Taking ti measured in the contrary direction, or negative, we 
have 

A* _ 1 /Lt— 1 

U "^ u r 

Art. 50. Prop. To trace the corresponding changes of posi- 
tion of the conjugate foci Q and q' ; and to show that they coincide 
at A and O, 

Referring to the first figure of Art. 43, we see that if Q 
were at an indefinitely great distance, the incident rays being 
parallel, ^ would be at the principal focus, as found in Art. 40. 
If Q then approaches the surface, the angle of incidence increasing, 
the angle of refraction increases also, and ^ moves further from 
A. If Q comes to the distance /', found in the first figure of 
Art. 42, q^ has moved to an infinite distance, and the rays within 
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the mediam are parallel. If Q still approaches nearer to A, gf 
falls on the same side of A with Q^ as in the second figure of 
Art. 43. If Q comes to the point A upon the medium itself, 
the refracted rays diverge from the same point, or Q and gf coin- 
cide at A. If Q falls between A and O, gf falls between Q and O, 
as found in Art. 45. If Q comes to O, the incident rays being all 
perpendicular to the surface, the refracted rays will be so also, and 
gf coincides with Q at 0. If Q falls on the further side of O from 
A, ^ falls between Q and O, as shown in Art. 45. If Q be at an 
infinite distance, the rays become again parallel^ and j' is at the 
principal focus. 

We see that Q aud ^ always move in the same direction, and 
coincide at A and O. 

The changes in the relative positions of Q and ^ may be traced 
from the analytical discussion of the expression 

fi __M— 1 1 
t? "" r u 

which refers to the first figure of Art 43 ; thus, 
if tt= QO then ^ = ^^^^^ and «'=/' 

or, ^ is at the principal focus. 

r u 

• • to — ....-7>0 •..tr'<oo 

or, (f is beyond the principal focus from A. 

„t«= ....^=0 ...tt'=QO 

/lA— 1 vs 

or, (][ is at an infinite distance. 

,1 tt^^ ., ' • • • • "^ IS ^"^ • • . vS is ""■ 

/Lt — 1 U 

or, 9^ falls on the other side of A. 

or, 9' coincides with Q at A. 

M— ^« ^ is +'''' . . . ti' is +^ 

vS 

or, (;' falls on the original side of A. 



a 
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iftt=— r then-, = - and t/sr 

u r 



or^ ^ coincides with Q at O. 

or^ 9' falls on the other side of 0. 

or^ 9^ falls at the principal focus. 

In the same manner we may trace the relative positions of the 
conjugate foci for concave refracting surfaces. 



CHAPTER VI. 

ON THE COMBINED REFRACTIONS OF HOMOGENEOUS LIGHT AT 
CU|(V£D SURFACES, AND THE FORMATION OF IMAGES. 

Definition. A lens is a portion of some transparent substance, 
as glass, crystal, &c., of which the surfaces are generally either 
both spherical, or one plane and the other spherical. Some- 
times they are formed by other surfaces of revolution, which 
must then be specified ; and if there is no mention of the parti- 
cular form of the surface, we understand them to be as first 
mentioned. 

The axis of a lens is the line joining the centers of the spherical 
surfaces when both are curved ; and the line perpendicular to the 
plane surface which passes through the center of the other surface 
when one side is plane. 

The following figures represent the sections of the different 
forms through their axes ; and when the surfaces are of different 
kinds they are differently named according to the side on which 
the light first falls. We suppose the light to come in the direc- 
tion of the arrow. 








10 9 87 6 64 8 21 

The form 1 is called the double-convex or convexo-convex; when 

the surfaces are of equal radii it is called 
the equi' convex lens. 
plano-convex, 
convexo-plane. 

double-concave, or concavo-concave, 
plano-concave, 
concavo-plane. 






}i 



2 
3 
4 
5 
6 



w 



}} 



>} 



>} 



}> 
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The form 7 is called the convex meniscus. 
,, 8 „ concave meniscus. 

J J 9 „ convexo-concave. 

„ 10 „ concavo-convex. 

The whole series are comprised in two classes^ namely^ those 
which are thickest in the center^ called convex lenses ; and those 
which are thinner in the center than at the edge^ called concave 
lenses. 

Lenses of the same class^ but of different forms^ may have the 
same focal length ; yet each has its peculiar properties in respect 
to aberration and coloured dispersion^ which makes it more proper 
than the others for particular uses in optical instruments. 

The thickness of a lens is generally supposed in the construction 
of instruments to be so small, compared with its focal length, that 
it may be neglected ; it is, however, easy to take the thickness into 
account, supposing it to be given at the same time with the radii 
of the surfaces. 

Art. 51. Prop. To find the principal focal length of a double 
convex lens. 

Let PAP^B be the lens. A? 

of which O is the center of "S^^^^^^^^^i \ 

the first surface ; Of that of ' j;"«-l'l ''^^^^^^^ — ^l — r^ ^* 

the second. Let the radius ^^^^^^^*V-/ • 

OA of the first surface = r ; ^'' 

QfB that of the second surface =«. 

The incident pencil of parallel rays being small and direct, let 
CfABO be the ray which is the axis of the pencil passing through 
the lens without deviation ; ^' the point towards which the rays 
converge whilst within the lens ; F the point to which they con- 
verge after emergence, or the principal focus. • 

First ; let the thickness AB be so small as to be negligible, and 
^g'=JB3' nearly =/'; JBF=^F nearly =/. 
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By Art. 40^ we have 

Supposing the rays to pass through the lens in the contrary 

direction, diverging from F^ we have, from the second case of 

Art. 48, 

j^__/iA— 1 1 

Bil ■" "7"^ BF 
or 

/'" » 7 

Adding this to the former, we have 

which gives /the principal focal length required. 

Again; let the thickness .^16=:/ be small, but not negUgible. 
At the first refraction we have 

Aii" r 
At the second refraction 

_ fi-l 1_ 

~ 8 BF 



but 



Af^r^(-[j-rYA^{^+ i) "^^y' »^«' :4'"'""*"- 






Substituting for ^y* from the first equation 

~^^~'*^V~i^/ — i Si 
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whence 



i.4=<^-"0^.-}%--('^)' 



For glass and /4= ^, if the lens be equi-convex^ and thin, 

/=r. 

Art. 52. Prop. To find the principal focal length of a piano* 
convex lens. 

Let F be the principal focns 
of the lens APBP, and JSF=/. 
Let the radius of the second i 
surface = «. All the rays of the 
incident pencil being perpendi- 
cular to the first surface, are bent from their original direction 
only at the second surface ; and considering the pencil to pass the 
contra^ way, diverging from F, we have, from the case treated in 
Art. 42. 

BF^f^ ' 




,*-! 



8 



For glass and /4= g, we have /=2*. 

Art. 58. Prop. To find the principal focal length of a convexo* 
plane lens. 

Let F be the principal 
focus of the convexo-plane 
lens PAPB, of which O y— 
is the center of the first 
surface, and OA^ri let 
9' be the focus of the refracted rays within the lens; and let 
AB^t, BF^f 




At the first refraction 



Agf r 
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At the second refraction. Arts. 47 and 28, 

B^'' BF 
If / is so small as to be negligible, or B^^A^ nearly; 

the same value as if the lens were turned with the other side to the 
incident light, and plano-convex. 

When / is small compared with r, but not negligible, we have 

and substituting for Aq* 

f BF" r '^ ti\ r ) 

It may appear indifferent which side of the lens be turned 
towards the parallel rays, since the focal length is nearly the same; 
but on going to second approximations, we find that the convexo- 
plane lens has only about one-fourth of the aberration of the plano- 
convex, and about two-thirds of that of an equi-convex of the same 
focal length. When the chromatic dispersion is not corrected, as 
we shall see in the next chapter, the equi-convex is generally the 
most desirable form of a lens. 

Art. 54. Prop. To find the principal focal length of a double 
concave lens. 

Let PAPB be the 
lens, and tfAB the ray 
which is the axis of the 
pencil of parallel rays, 
and which passes through 
the lens without deviation. Let g' be the point from which the 
rays within the medium diverge, as in Art. 41 ; And F the point 
from which they diverge after emergence, as in Cor. Art. 46, or 
the principal focus. Let r be the radius of the first surface, 8 that 
of the second surface, and AB the thickness =/. 
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By Art. 41^ we have at the first refraction 

By Cor. Art. 46, we have at the second refraction 



i^ = -.^i::il + 



1 



B^ s BF 

If t is so small that we may put Aq'=:Bgf nearly =/', subtracting 
we have 



0=(/.-l){i + i}-ip. 



If t be small compared with /, but not negligible, we have as 
before, 

U fl fl fit 

and substituting the value of -^-j, we find 

i,=)=„-„{i.i}-i.(^7 

We see that the expression for the focal length is the same as 
for a double- convex lens, if the lens be very thin ; but the focus is 
real for the convex and virtual for the concave lens, the former 
causing parallel rays to converge, and the latter causing them to 
diverge. We see also the analogy which lenses bear to prisms, in 
the deviation of a ray being always towards the thicker part of the 
lens. 

Art. 55. Prop. . To find the principal focal length of a convex 
meniscus. 

Let PAP^B be the 
meniscus, of which O 
and Cf are the centers 
of the first and second 
surfaces respectively. 
Let gl be the focus of 
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the rays within the lens, Fthat of the emergent rays, r and s the 
radii of the first and second surfaces respectively. 

At the first refraction we have 

Agf r 

At the second refraction, by Cor. Art. 44, 

Neglecting the thickness AB:=st, we have by subtracting, 

i^=i={M-i){i-i} 

Supposing t to be small compared with f, but not negligible, we 
find, as in the previous propositions, 

>=„_,(l_l}.£.(^)- 



We see that we must have r less than s in order that the lens 
may be a meniscus and the focus real, by the analysis as well as 
the figure.^ 

Art. 66. Pbop. To find the prnunpal focal length of a eoncavo- 
convex lens. 



The lens being PAPB, 
and the letters ^, F, O, 

(y referring to the same — *H-hj ^ ^ — ;:„::^ 

points as in the previous \\ «-- .5----=^'-'"'''' 

Articles ; let r and s be the 




'^~»».j 



radii of the first and second surfaces as before. 



At the first refraction. Art. 41, we have 

A^ r 
At the second refraction, by Cor. Art. 45, we have 

Bq'^ s '^BF 
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whence, neglecting the thickness, 

Allowing for the thickness, we find, in the same manner as 
before. 

The remaining cases will be deduced as particular cases of a 
general formula taken as standard, but may easily be solved inde- 
pendently, like the preceding. 

Art, 57. Prop. To find the focus of the emergent rays when 
a small direct pencil of diverging rays is incident on a dottblC'Convex 
lens. 

*,p 




y •"^••- ^*'^^''' ^ fe ^ _— -^6 



1» 



Let PAPB be the lens, of which r is the radius of the first 
surface, s that of the second. Let Q be the focus of the incident 
rays, q' that of the refracted rays within the lens, and q the 
focus of the emergent pencil required. Let QA=u, gfA^u', 
qB=v, AB=^t. 

At the first refraction we have, by Art. 453, 

fi _ fi—l 1 
t?"~ r u 

At the second refraction, considering the rays to pass the contrary 
way, by the same Article, 

ji fi—1 1 

Bq' "" « t? 

If the thickness may be neglected, and J35^=-4y'=w' nearly, by 
adding the two expressions above, we find. 



V ^ ^ \^r sj u 



G 
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or. 



1_1_1 



If t be smalli but not negligible^ we have 

Bq' ~ t7=7 "" "■ t? w'* 

Adding to the first equation^ we find 

V ^ ^ Lr sj u tf 

1 1 1 //A*-l IV 
or, - = 7 + -(^- ) 

V f u fix r u/ 

We might have had Q so near to A that ^ would have fallen 
on the same side as Q ; but ^ and g falling on opposite sides of 
the lens^ the result becomes the same as above. If Q is placed so 
near to A that u becomes less than/, then q falls on the same side 
of the lens as Q, and v becoming negative, we have 



V 



1 « 



In the use of convex lenses, q frequently falls in this manner on 
the same side of the lens as Q, being a virtual focus. The case 
may be deduced from the one worked out above, as the standard 
case for lenses, or may be investigated independently. 

Art. 58. Prop. To find the focus of the emergent rays when 

a small pencil of diverging rays is incident directly on a double-conn 
cave lens. 




Let PAP'B be the lens, of which r is the radius of the first, 
and s the radius of the second surface. The point Q being the 
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focus of the incident rays^ qf of the refracted rays within the lens^ 
and q of the emergent rays; let, as before, QA-s^u^ ^A^il, 
qB=v, and AB=t. 

At the first refraction, by Art. 44, 

fi _fi-l 1 

— , = H — 

u r u 

At the second refraction, by Cor. Art. 46, 

If the thickness is so small that we may put Bg'=ti', subtracting 
we have 



V ^ ' l,r sj u 



If the thickness be small, but not negligible, we find, in the same 
way as before, 

V f U fl\lP/ 

The expression - = ^ H — shows us that v cannot change sign, 

or q fall on the other side of the lens, unless Q falls on the other 
side, and ^u is less than /. Therefore g is a virtual focus for all 
diverging and some converging pencils, but is real when the inci- 
dent pencil converges to a point nearer the lens than the principal 
focal distance. 



The other cases of converging pencils and different forms of 
lenses may be all solved in the same manner; or all the cases 
which can occur in the direct refraction of small pencils by lenses 
may be deduced from either of the two latter propositions by 
taking any of the quantities u, v, r, «,/, negative when measured 
in the contrary direction to what they have been in the standard 
case. 

g2 
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Taking the double-convex lens and a diverging pencil for oar 
standard case^ as in Article 67^ we have the formula 






or 1 = 1-1 

V f u 

Art. 59. To adapt the standard formula to the case of parallel 
rays incident on a concave-meniscm^ 

Since the incident rays are parallel^ Q is at an infinite distance^ 

or«£=oo .*. -=0: and since the first surface is concave .*. r is 

u 

negative^ but greater than Sy because the lens is thickest in the 

middle; also q is the principal focus^ or v=f 

.*. we have - = - = (a— 1) -< >• 

» / Ls rj 

Art. 60. To adapt the standard formula to the cases of parallel 
rays incident on plano-concave and concavo-plane lenses. 

Here -=0^ since the incident rays are parallel; the radius of 

the concave surface is negative^ and the radius of the plane surface 
is infinite^ or its reciprocal is zero ; also v=^f. 

•'. for a plano-concave lens^ 

V *"/"" * 
and for a concavo-plane lens^ 

V f r 

The negative sign shows us that the principal focus is on the 
opposite side of the lens to what it is in the standard case. 

Art. 61. To adapt the standard formula to the case of parallel 
rays incident on a convexo-concave lens. 
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Here - =0^ and r is positive and s negative; but s less than r, 
since the lens is thinnest in the middle. 

or the focal distance is negative^ as in the other concave lenses. 

Art. 62. To adapt the standard formula to the case of a diver- 
ging pencil incident upon a double-concave lens : or to deduce the 
proposition of Art. 58 from that of Art. 67. 

Since the incident pencil is diverging, u remains as in the stan- 
dard case ; but both surfaces being concave, the signs of r and s 
must be taken negative. 



V ^ ' Lr sj u 



which shews that t; is negative, and must be measured in the 
opposite direction to the standard case. 

Taking v in the contrary direction, and changing the signs on 
both sides of the equation, we have, as in Art. 58, 



V ^ ' \r sJ u 



1 11 
' V f u 

Art. 63. To adapt the standard formula to diverging pencils 
incident upon plano-convex and convexo-plane lenses. 

We suppose the focus of the incident rays to be beyond the 
principal focal length, or u greater than/*. Taking the radius of 
the plane surface infinite, we have for the plano-convex lens 

1_/L6-1 1 

v^ s u 
and for the convexo-plane lens 

l^A^-1 1 

v "" r u 
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Both these expressions are coutained in the general one^ 

V f u 

when /has the value of the principal focal distance for each form 
respectively. 

Art. 64. To adapt the standard formula to diverging pencils 
incident tq>on plano-concave and concavo-plane lenses. 

If we take the formula - = •:% , we have, by Art. 60, / 

negative for these, as well as other concave lenses. Therefore the 
formula becomes 

V / tt 

and V must be negative ; measuring it consequently in the oppo- 
site direction to the standard case, 

V f u 

or, - = - + - 

V f u 

the same form as in Art. 62. 

Art. 65. To adapt the standard formula to the case of a convex 
lens, and the incident pencil diverging from a point nearer to the lens 
than the principal focal length. 

Taking the general formula - = 7 > we have now u less than 

f and therefore - greater than -^ consequently - = — / ~ j a 

negative quantity; which shows that the focus of the emergent 
rays is virtual, and q falls on the same side of the lens as Q: 

changing the sign of r, we have = -7, • 

Art. 66. To adapt the standard formula to the case of con-- 
verging pencils incident on convex lenses. 
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Since the pencils converge^ or Q falls on the opposite side of the 
lens to the standard case^ we must take u negative^ and the for- 
mula becomes 

111 

V f u 

Art. 67. To adapt the standard formula to converging pencils 
incident on concave lenses* 

In these cases we have both u and /negative^ and 

V f u 

4 

which shows that there are two cases^ as noticed at the end of 
Article 58. 

Aet. 68. To trace the changes in the corresponding positions 
of the conjugate fod for a convex lens. 

Ill' 

Taking the formula - = -? . which refers to the figure of 

° V f u 

Article 57^ we see that 

if u=:QO then - = -?, /. »=/ and 

v f 

q coincides with F. 

' V f 

q lies beyond F from the lens. 

q and Q are equally distant from the lens. 
yyU^=^f ....-=0 /. t?=x ... 

q lies at an infinite distance. 
,, u^Q^f .... - is — ^« .-. V is — ^" . . . 

q lies on the same side of the lens with Q. 
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if ttsO then - = oo .'. v=0 and 

V 

q coincides with Q at the lens. 
,, u 18 — ^« .... - is -f^ .'. V is +^ . . • 

q lies on the original side of the lens. 

q is at the principal focus. 

We see that Q and q move in the same direction and coincide 
at the lens; on either side of this point they separate again. 
When the distance of Q from the lens is 2/, the distance of y is 
the same on the opposite side; this is their minimum distance 
when on opposite sides of the lens. 



,, 14= — 00 ••••rr^'? •'• ^ — J * * * 



Aet. 69. Prop. To express the distance between the conju- 
gate foci in terms of the focal distance and the distance of either 
of them from the lens. 

Q. 1 1 1 , yi* 

Smce - = :? /. r=-=^— > 

V f u u—f 

fu 
and fi + 1;= distance Qq =t« + -^—^ 

ii« 



= ——p by a similar procedure. 

CoR. -« = — i, or - = \/ — -j,\ that is, the distances of 

the conjugate foci from the lens are as the square roots of their 
distances from the principal foci on their respective sides of 



the lens. 



ON THE OBLIQUE REFRACTION OP SMALL PENCILS BY LENSES. 

When a small pencil of rays falls obliquely on a refracting 
surface, there is generally confusion, as in mirrors : see the latter 
part of Chapter III. ; but if the obliquity is small, the effect is 
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so inconsiderable that it may be neglected in problems where we 
only take first approximations. 

Dbpinition. The center of a lens is the point where a line 
joining the extremities of two parallel radii of the surfaces cuts 
the axis of the lens. 

Art. 70. Prop. To shew that the center of a lens is a fixed 
point, and that it is within the double-convex and double-concave 
lenses ; upon the curved surface of plano-convex and plano-concave 
lenses ; and without the meniscus and concavo-convex lenses. 



Let O and (^ be the cen- 
ters of the first and second 
surfaces of the lenses in the 
figures; and let OP, O^R, 
be any pair of parallel radii. 
Let C be the point where 
the Une joining the points 
P and R, or that line pro- 
duced^ meets the line OC, 
or the axis of the lens ; then 
by definition^ C is the cen- 
ter of the lens. 

The triangles OCP, &CR, 
are similar; and 

PC _ac 

OP" OR 
Or, putting OP=r, O^R^s, 
ABssty as before, we find 
in the double-convex and 
double-concave lenses 

in the meniscus, 



r-\-s 



AC=:—, BC= — 



r — s r — s 

in the concavo-convex, 




AC=^ 



s—r 



> BC= 



s^r 
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These expresaiona, as well as the figures, show ua thai CjB 
within the lens in the two first forms, and without in the two 
last. The distances of C fi'om A aud B depend on the thick- 
ness of the lens and the radii of its surfaces, but are indepeadent 
of any particular poaitious of the points P and R, and therefor 
are constant. 



The positions of C for either of the latter might be deduced 
from either of the first forms, by taking the quantities negativi 
which are measured in a contrary direction to what they are in the 
standard case. 

Putting j-=cc for a pl^o-oonvex or plano-concave lens, 
have 

AC=/, BC=0 

or C coincides with B, the point where the axis of the lens meets 
the curved surface. 



Art. 71. Peop. The incident and emergent rays, corresponding 
to a ray within tite lens whose direction passes through the cerUer^ 
are parallel; or a ray passing through a lens whose direction wil6i 
the lens passes through the center Itas no deviation. 

Let SPRQ be the course of a ray in the figures of the last 
proposition. Since the radii OP, (VR, are parallel, the line PR, 
or the direction of the refracted ray within the lens, makes equal 
augles with them j and the angles of incidence and emergence are 
equal, whichever way the ray passes ; and consequently SF, QR, 
are parallel. 

We see that there ia a lateral displacement, but no anguli 
deviation of the emergent ray. The lateral displacement becomes 
very small for a thia lens when the obliquity ia small ; so that 
in such cases we may, without any sensible error, consider the 
incident aud emergent rays to be in one straight line when their 
direction passes through the center ; and hence the foci of small 
oblique pencils must be in thia line. 

Definition. The points where the directions of the inci- 
dent and emergent rays cut the axis of the lens are called the 
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focal centers. If D be the point where 8P cuts Off, E that 

AC BC 

where QR cuts it, we find AD=s — , BjB= — nearly for all the 

lenses. 

Art. 72. Prop. To find the focus of the emergent rays when a 
small pencil of parallel rays is incident obliquely upon a thin double- 
convex or doubte-concave lens. 



Let O and Cf be 

the centers of the 
fir^ and second sur- 
faces respectively, 
and C the center of 
the lens. 



..-•• 




T 




Let iSCbe the ray 
of the pencil 
which passes 
through the 
center C, and 
emerges with- ^JSL 
out deviation; 
and SP the 
ray whichfalls 
perpendicularly 

on the first surface, so that OP is its direction in the lens. The 
focus g' of the rays within the lens is in this line. Draw the line 
^RO ; this will be the direction of the ray, which passes perpen- 
dicularly through the second surface, and therefore the focus of the 
emergent rays will be in this line ; and being also in the line fif C, 
will be at their intersection g. 

To find Cq, the distance of the focus from the center of the lens, 
we have, as in Arts. 61 and 64, 

P^" r 
At the second refraction, 

fi _/t— 1 1 

""iV V Rq 
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Since the pencil is supposed small and the lens thin compared 
with the radii of the surfaces^ we may put Pq'=R^j and Rq^ Cq. 



•••^=(^-')0-^} 



1 
f 



Or the principal foci^ for small pencils but little oblique to the axis 
of the lens^ are in a circular arc^ of which the center is the center 
of the lens^ and the radius the distance of the principal focus for 
the direct pencil^ from that point. % 

Cob. The same method will apply with the same result to the 
meniscus and concavo-convex^ when the center is not far from the 
lens j and also^ with little modification^ to plano-convex and piano* 
concave lenses. 

Conversely ; if the pencil had diverged from q in the first figure, 
or converged towards q in the second, the emergent pencil would 
have consisted of parallel rays. 

Art. 73. Prop. To find the conjugate focus when a small 
pencil of diverging rays is incident obliquely on a doublC'Convex or a 
double-concave lens. 



Let Q be 
the focus of 
the incident 
rays; O and 
C the centers 
of the first and 
second sur- 
faces re- 
spectively. 

Let QP 
be the ray 
whose di- 



r 





rection passes through O, and therefore enters the lens without 
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deviation ; the focus 9' of the refracted rays within the lens will be 
in this line. Join (f^ Of ; the ray within the lens which has this 
direction will emerge at A without deviation^ and therefore the 
focus of the emergent pencil will be in this line ; but it is also in 
the line QC passing through the center of the lens^ and is conse- 
quently at their intersection g. 

To find the distance qC^ using the previous notation^ we have^ 

as in Ai*ts. 67 and 58^ 

JA /x — 1 „ 1 

and at the second refraction^ 

/x _/x— 1 1 
JR "b qR 

Or^ since the pencil is small and the lens thin^ we may put 

^P^^R, QP=QC, qR=qC 

This expression is of the same form as that found in the respect- 
ive cases for direct pencils. Let 

qC^v^ QC=:u^ 
we have A — 1 x -1 

which may be adapted to all other cases^ of converging pencils and 
other forms of lenses^ as was done with regard to the formula for 
direct pencils. 

Art. 74. Prop. To find the principal focus of a refracting 
sphere. 

Let O be the center of the 
sphere, of which the radius is 
r. Let 8A0B be the ray 
which passes through it with- "f 
out deviation ; SP a ray inci- 
dent at Pf and refracted in 
PR, of which the direction meets SAOB in q^, the focus of the 





rays after the first refraction ; and let tbe emergent ray Jtq i 
SO in q, the focus of the emer- 
gent rays. 

The triangle FOR being T 
isosceles, the anglea at P and 
R are equal ; or in a sphere 

the angle of refraction at the first surface equals the angle 
dence upon the secoud ; and hence the aogle of incidence always 
equals the angle of emergence. 

In the triangles f/PO, ^Rg, 

tP(iO= LPOA- Li^PO 

= angle of incidence — angle of refraction 
= angle of emergence — angle of incidence 
on the secoud surface 

= /?'«?] 

therefore the triangle y'flj is isoacelcs, or q'q = qR and ultimate] 
q'B = 2,.qB. 

Adding AB=2B0 to each side, we have 
q'B + AB=2B0 + ZrjB 
or ^A = 2qO 



lys 

on I 



from Art. 40; 



•••'-^^ 

If ^=1 for glass, qO=^r, or the principal focus lies half thl 
radius beyond the surface; for water and fi=^, qO= 

II fj.=2, qO=r, and q coincides with B; and il fi is leas than 2 
the principal focuB is exterior to the sphere; if greater than 2, {i 
is within it. 

Art. 75. Prop. To fnd tke relation of the distances of ike coryni 

gale foci from the center when a small diverging pencil ti 
directly on a sphere. 

Let Q be the focus of the incident diverging pencil, q' the foe 
of tbe refracted raya within the sphere, and q the focus of t 
emergent rays. Let AO=r, QO=p, '/0 = q', qO=q. 
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From the triangles QPO and ^PO, we have, as in Art. 43, 

QO fi 0*0 



or 



or 






r p xfM* figf 



At the second refraction similarly 

qO '^H' 0*0 

or 1_1=1_J_ 

r q fir fjb^ 

Adding to the former, we find 

1 2(/A-.l) 1 
q fjLT p 

=1; ^, if we put y* equal the principal 

•/ « 

focal length. 

Art. 76. Prop, To find the figures of the lenses of accurate 
refraction for large direct pencils. 

When the incident 
pencil consists of pa- 
rallel rays, it was shewn 
in Art. 37, that if the 
first surface PAP' 
was a prolate spheroid 
formed by the revolu- 
tion of an ellipse about 
AA' its major axis, of which the eccentricity was the reciprocal 
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forui 



of the refractive index ; then the refracted pencil withiu the 
dium would converge accurately to the further focus S. If with 
center S and radius SB we describe a spherical surface and forui 
the convex -meniscus PAP'S, every ray of the converging penettM 
will fall upon the second surface perpendicularly, and after em^ 
gence the whole pencil will accurately converge to S. 

Reciprocally; if a pencil diverge from S and fall upon the 
concave-meniscus PAP'B, then the emergent pencil would consist 
accurately of parallel rays. 

When a diverging pencil falls 
upon a convex surface which ia an 
hyperboloid of revolution, the ec- 
centricity of the generating hyper- 
bola being equal to the refractive 
index, if the point from which the 

pencil diverges be the further focus of the hyperbola, then the Twfl 
within the medium will be all parallel to the axis of the hyperboloid, ' 
as shown in Art. 38. If the second surface of the lens be a plane 
perpendicular to the axis, every ray of the emergent pencil will pass 
through it without deviation, and will therefore cousiat of parallel 
rays. 

Reciprocally; if a pencil of parallel rays falls directly on a plano- 
convex lens of which the second surface ia an hyperboloid of revo- 
lution of the eccentricity as above, the emergent pencil will converge 
to the further focus of the generating hyperbola, 

In the cases of accurate refraction at spherical surfaces, as im 
tigated in Art, 39, we might have lenses formed of which 
second surface was spherical, with the center at the focus of the 
refracted raya, and the emergent pencil would diverge accurately 
from, or converge accurately to, that point. The figures of 
would thus give a concavo-convex, and a convex meniscus, res| 
ively, 




the' ^ 
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FORMED BY SPHEHICAL 

LENSES, AND SFHEBISS, 



OF MEDIA, 




I 



Art. 77. Prop, To find the image oj an object produced by a 
' tpkerical surface of a medium, the object being a concentric circu- 
lar arc, 

LetObe the cen- 
ter of the spherical 
BurfaceP^P'ofthe 
medium, wliich is 
convex in the up- 
per and concave in 
the lower figure ; and let 
QQQ" be the object, 
which is a circular arc 
with center 0. If we 
take any points Q", Q, Q", 
and draw lines from them 

through 0, the respective conjugate foci /j, g', ^j will be, by 
Arts. 43 and 44, in these lines as in the figures ; and the object 
being everywhere equally distant from 0, the various conjugate 
foci which make up the image will be bo also, and the image will 
be a concentric arc ^j q' i/^ similar to the object. 

The image is real and inverted in the first figure, and virtual 
and erect In the second. 

The other cases, for other distances of the object from the 
surface, may be investigated in the same manner; and pencils 
which before their incidence on the refracting surface were con- 
verging to form an image, will give refracted pencils forming a 
conjugate image, whose form and position will be easily traced 
by means of Arts. 45 and 46. When the object is at an in- 
definitely great distance, the image is at the distance of the 
principal focus from ; and as the object approaches nearer, the 
image moves in the same direction; the two coinciding at O in 
the lower figure, and at the surface in both figures, as seen from 
Art. 50. 
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Art. 78. Prop. To find the form of the image of an object 
which is a concentric circular arc produced by a convex lens. 

Let PCP be the con- 
vex lens, and let 0/ Q Q" 
be the object, which is a 
circular arc with center C. 
Let CyOQ" be beyond the 
principal focus in the first, 
and within it in the second 
figure; the line through 
the points Q, C, q, being 
the axis of the lens, and 
Q,g conjugate foci; thenar 
will be a real focus in the 
first and a virtual one in 
the second figure, by Arts. 
57 and 65 ; and we have, 
if /= the principal focal 
length, 




* Cq "■/ CQ 

If we take any other points Q! and Q" in the object, and 
draw lines through C and these points, we shall have the conjugate 
foci g' and ^' equally distant from C with the point q, by Art. 73 ; 
or the image q*qq" is a circular arc, having C for its center ; and 
the image always subtends the same angle at the center of the 
lens which the object itself does. 

In the first case, as in the figure, the image is always inverted ; 
and in the second case, it is always erect : the magnitude of the 
image is to the magnitude of the object in the ratio Cq to CQ ; 
and when real, may be either greater, equal to, or less than, the 
object ; but when virtual, is always greater, except when the image 
and object coincide at the lens, and then are equal. 

The image of a small straight line placed directly before the 
lens may be considered as a straight line similar to it, erect or 
inverted, magnified or diminished ; but the real image of a straight 
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line of coDsiderable length will be more curved than that of a 
circular arc^ since for points Ql and Q" distant from the axis of 
the lens^ the distances CQ! and CQ^ increasing, the formula 
gives C^ and Cy" diminishing. For this reason^ the real image 
of a flat object cannot be received distinctly on a flat screen ; but 
to be seen on a screen most distinctly^ the screen must have the 
same curvature as the image. See Part II. page 136. 

Art. 79. Prop. To investigate the form and position of the 
image produced by a concave lens of tm object which is a concentric 
circular arc. 

Let PCP be the concave 
lens, and QQQf' the object, 
which is a circular arc with 
center C; QC being the axis 
of the lens. 

The focus of the emergent 
rays q, which is conjugate to 
Q, is given by Art. 58 from the formula 

Cq f^CQ 
where we see that Cq must be always less than CQ. 

Taking other points Q! and Q" in the object, their conjugate foci 
will be at j^ and j^', points similarly situated in a circular arc q'qq", 
with center C and radius Cq. 

The image is evidently similar to the object, erect, virtual, and 
diminished. 

The figures in the two last propositions have been taken double 
convex and double concave ; but the same method applies to the 
other forms of convex and concave lenses respectively. 

We have considered' the object to be entirely in the plane of 
the figure ; but it is evident that a small object of any form placed 

h2 
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directly before a lena will have an image aimilar to it, to or frotfl 
the different points of which the raya of the various pencilsj after 
eemrgence, will converge or diverge respectively. 



We see in Part II. that vphen the object ia large, the different 
parts of the image bear different ratios in magnitude to the cor- 
responding parts of the object, or the image is distorted. 



The raya, after emerging from a lens, may fall on anothi 
lens, and an image of the first image will be formed in the same 
way, When the first lens is convex, and the object beyond the 
principal focus, the emergent raya will fall in a state of con- 
vergence on another lens placed near it, and the primary image 
will be virtual to the second lens. The secondary image, or that 
formed by the pencils which emerge from the second lens, will be 
real when the second lena ia also convex ; but may be either real 
or virtual when it is concave, as will be seen in the proposition for 
finding the focal length of a combination of lenses. 



4 

ne **^ 



Art. 80. Prop. 3b find (he focal length of a number of ti 
lenses in conlact, and the nature of the image produced by them- 

Let c, be the center of the 
first lens, on which a pencil 
of parallel rays falls directly, 
and ^1 its principal focus; let 
Cj be the center of the second lens, on which the pencil converging 
to Fi is incident, and q^ the focus, to which the rays emerging 
from it converge ; let c^ be the center of the third lens, on which 
the pencil converging to q^ falling, the emergent raya converge to 
qg, which is the principal focus of the combination. 

We suppose the lenses to be so thin and placed so close 
together, that we may neglect the distance c,eg, in comparison of 
the focal lengths. Let /„ f^, /g be the principal focal lengths of 
the lenses c^, Cj, Cg, respectively, and let -F'=Ca?s=Ci?3 nearly, the 
focal length of the combination. 

From Art, 66 we have 



I 
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and 
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or 



which we may suppose continued to any number of lenses. 

If any of the lenses were concave^ their focal lengths would 
be negative, and in the summation must be taken with their 
proper signs ; so that F being the focal length of the single lens, 
which is equivalent to the combination, it will be positive or nega- 
tive, or will be the focal length of a convex or concave lens respec- 
tively, as the sum Sf -7] is positive or negative. 

1 

If we call -^ or the reciprocal of the focal length, the power 

of a lens, the proposition shows us that the power of a combina- 
tion of any number of thin lenses in contact, equals the sum of the 
powers of the separate lenses. The image of an object formed by 
the combination will be the same in position and magnitude as 
would be formed by a lens whose focal length is F; and if u 
and V were the distances of conjugate foci, using the standard 
formula, 

1 = 1-1 
V F u 



'^)-\ 



Art. 81. Prop. To find the focal length of the lens, which is 
equivalent to two lenses separated by a given interval. 
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Let C be the single 
lens^ which is equivalent 
to the two Ci and c^ whose ^^ 
distance is d. 

The lens C must have 
the same effect in causing 
a small direct pencil of 
parallel rays to converge, 
which the combination has ; or a ray falling upon it at the same 
distance from the axis must after emergence converge to the axis 
at the same angle which a like ray does after emergence from the 
second of the two lenses ; that is, if ^i be the principal focus of C]^ 
and q^ the point to which the pencil finally converges, Sabq^ being 
the path of any ray, the angle bq^^ at which the ray meets the 
axis, must equal the angle AFC^ at which a like ray SAF meets 
the axis of the single lens. 

Let fi and /^ be the focal lengths of the lenses c^ and c^ 
respectively, F that of the lens C, and AC=aci the distance of 
the ]ike rays from the axis, which is very small ; we must have 



AC_ bc^ 



but 



and 
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Art. 66 
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We see that the power of the combination diminishes as the 
distance of the two lenses is increased, and that it is greatest 
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when they are in contact. This formula ia of great use to enable 
us to Sad the maguifyiug power of an optical instrument with a 
double eye-piece, when its power with a single eye-glaas has been 
determined. 

The same result ia found when we make the condition of equi- 
valence to be, that the combination of two lenses and the aingle 
one give equal images of a distant small object. The image at 
F in the lower figure subtends the same angle at C that the object 
doea, which is also the same angle that the primary image at y, 
in the upper figure subtends at c,. 

Again, the secondary image at q^ subtends the' aamc angle at Cj 
which the primary at ^j does ; and we must also have the magni- 
tude of the image at y^ equal to that of the image at F. From 
theae conditions the formula above is easily obtained. 




AaT, 82. Psop. To find the form and posilion of the imnge 
of an object which is a concentric circular arc, formed by a refract- 
ing gpAerfi. 

Let C be the center 
of the sphere, and <^Q(^' 
the object, which is a cir- 
cular are, whose center 
is also the center of the 
sphere; the foci q'qq" conjugate to QQC^' will be in lines drawn 
from those points through C, and all equally distant from it, or in 
a circular arc q'qtf', which is similar to QQQ/'. 

The image is real and inverted ; and for the ratio of its magni- 
tude to that of the object we have 

tyO" ~ Qc 



The sphere has an advantage over a convex lens in having each 
pencil direct, however large the object maybe; and these direct 
pencils may be made to be all small, by having a groove cut 
round the sphere in a plane passing thraugh the center, as rcprc- 
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seated in the figure by the dark lines drawn from the circum* 
ference towards C; or by having the portion within the angle 
between tlie dotted hnes ground away. Excellent pocket-magni- 
fiers of the latter form are sold in the optician's shops, under the -m 
name of Cuddingtou's lenses. 

When the object ia placed nearer to the sphere than its pris^ 
cipal focus, the image, as in a convex lens, is virtual, erect, aitq 
magnified. 



ON CHAPTERS V 



E2. 1, If a pencQ of diverging rays incident on a convex 
surface of a medium is refracted to a focus equally distant from 
the surface with the focus of the incident rays, but on the oppo- 
site side of it, then the radius of the sui-face equals -rr-, r; X 

^ 2(^-1-1) 

distance between the conjugate foci. 

Ex. 2. If the focus of the refracted rays is twice the dis- 
tance from the convex surface of a medium with that of diverging 
incident rays, when they are both on the same side of it ; shew 
that the focus of the incident rays is distant from the surface 
(2— /*] X radius 
2(/*-l) 

Ex. 3. Investigate directly the formula for a converging pencil 
incident on a concave refracting spherical surface j and shew that 
there will be two cases. 

£x. 4. Assuming the formula for a diverging pencil incident 
on a concave spherical refracting surface, deduce from it the two 
cases of diverging pencils incident on a convex surface. 

Ex. 5. From any case of a diverging pencil incident on a 
spherical surface, deduce the formula for a pencil of rays diverging 
from a point within the medium, and emerging directly from a 
concave surface. 
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Ex. 6. From the result of the last question, deduce the relation 
of the apparent depth of a point seen directly below the surface of 
a fluidj compared with ita real depth. 

Ex. 7. Shew that the rSsult for a pencil diverging from a distant 
point, and incident upon a convex surface of a dense medium, can 
be obtained by taking the pencil as coming the contrary way, and 
incident on a concave surface of a rare medium, with the refractive 

index - from the dense into the rare medium. 



Ex. 8. Trace the corresponding changea of position of the con- 
jugate foci for a concave refracting spherical surface. 

Ex. 9. Investigate directly the distance of the focus of the inci- 
dent rays, when a small pencil passes directly through a double 
convex lens, and the emergent rays are parallel. 



1 



-1 , 



for . 



Ex. 10. Prove directly the formula - = 
cavo-plane lens and diverging incident pencil, 

Ex. 11. Prove the formula - =(/4— 1) -i >- + -fora con- 
verging pencil refracted by a convex meniscus. 

Ex, 12. Find directly the conjugate focua when a small pencil 
of diverging rays is incident obliquely on a plano-convex and a 
con cavo-plane lens. 

Ex. 13. Prove directly that the center of a plano-convex lena is 
upon the curved surface. 

Ex, 14. "When an object is placed before a convex lena at IJ 
times the focal length from it, show that the image is twice the 
linear dimension of the object ; and if the object is at three timea 
the focal length from the lens, the image is one-half the linear 
dimension of it. 

Ex. 16. Shew that the image of the sun formed in the focus of 
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a baming-lens has its diameter directly proportional to the focal 
length of the lens. 

Ex. 16. The image of a heavenly body being formed in the 
principal focus of a convex lens^ a plane* mirror is placed perpen- 
dicular to the axis 1^ times the distance of the image from the 
lens ; shew that a second image will be formed by the reflected 
light on the opposite side of the lens^ of the same linear dimension 
as the first. 

Ex. 17. Investigate the form and position of the image when 
an object is placed nearer to a refracting sphere than the principal 
focus. 

Ex. 18, If two thin lenses^ the one convex^ and the other con- 
cave^ be placed close together^ and the focal length of the concave 
is twice that of the convex ; shew that the focal length of the com- 
bination is twice that of the convex lens. 

Ex. 19. Shew that two convex lenses^ of one inch focus each^ 
separated by a distance of ^ an inch^ are equivalent to a single lens 
of § of an inch focus ; and if close together^ they are equivalent to 
ti single lens of ^ inch focal length. 

Ex. 20. A meniscus, of which the radii of the surfaces are 1 
and 2y is placed in contact with a concavo-convex, of which the 
radii of the surfaces are 1 and 3 ; shew that the combination is 

equivalent to a concave lens of which the focal length is -< 



CHAPTER VIL 



ON CHROMATICS. 

In the Introductory Chapter it was stated that the refractive 
index is different for different colours of light with the same 
medium. 

The analysis of a beam of the sun^s light by a prism was the 
experiment by which Sir Isaac Newton demonstrated his great 
optical discovery of the unequal refrangibility of the variously 
coloured rays. 

If we let a beam 
of the sun's light 
enter a dark room 
through a small 
hole in the window- 
shutter^ as at a in 
the figure^ and 
whilst it remains 
uninterrupted^ if we receive it upon a screen^ such as a piece of 
white card, we have a bright circle S, which subtends at a about 
32 minutes of a degree, which is the sun's apparent diameter. If 
now we interrupt the beam by a prism as ABC^ we have the direc- 
tion of it changed by the refraction of the prism ; but instead of a 
luminous circle, like that at fi^, which, by the deviation produced 
by the prism, is seen in a new position, we have, upon a screen 
DjB, an oblong spectrum rr, of which the length is many times 
the breadth, and which is coloured red at r the lowest point, and 
violet at t; the highest; the intermediate parts shading gradually 
from red, through orange, yellow, green, blue, indigo, to violet. 

The prism must be turned round its edge backwards and for- 
wards, until the spectrum ro is got into its lowest position, when 
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the deviation of the middle rays is a minimum; and they mal 
equal angles with the prism at incidence and emergence. 

If through a email hole in DB we allow a stream of the. \ 
coloured light to fall upon another prism aa F, we find that 
it undergoes a deviation in direction, but is not at b again ex- 
tended into an oblong spectrum ; for its colour and figure remain 
very nearly aa they would if they had not passed through thaJ 
priam F. 

Prom thia we conclude that the spectrum to has its lengthened 
form from the different deviation of differently coloured rays ; the 
red rays having the least deviation and the least value of the 
refractive index, and the violet rays the greatest deviation and thft J 
greatest value of ft. 

The spectrum ?tJ, produced in the manner just described, has 
never the colours completely separated ; for we must consider it 
as an assemblage of circles of the magnitude of S, of each different 
shade of colour overlapping each other. To produce a ] 
spectrum, we 
must have a 
narrow line of 
light at a, as, 
for instance,the 
light of the aun 
shining between 
the edges of two 
knives, each par- 
allel to the edge i^ v 
of the prism Ij^ 

ABC, and very near together: by placing a convex lena at P 
directly in the light, we have images of the line at a produced in 
each shade of colour at the conjugate focua as 5 for each; but 
when the prism ^BC is interposed in the position for minimum 
deviation, each of the images of the liue at a having a different 
deviation, the spectrum rv ia now made up of narrow lines as at q', 
where the rays of some particular shade are brought to a focua. | 
By looking attentively at a spectrum produced in this manner, we 
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see that there are numerous dark bars across it, which are either 
deficient or much weaker shades in the gradual progression from 
red through the intermediate colours to violet. 

The method of trying the esperiment as in the figure was used 
by Sir Isaac Newton ; and with a good prism and a lens of a few 
feet focal length, many lines can be seen thus on a screen of card ; 
but after an imperfect notice of some of them by Dr. Wollaston, 
the full discovery of their great number and fixed positions iu 
the solar spectrum was made by Fraunhofer with the fine prisms of 
the manufactory at Munich with which he was connected. 

From their discoverer these dark lines in the spectrum are called 
the fixed lines of Fraunhofer; they exist in the hght of the moon 
and planets as in that of the sun; but Fraunhofer discovered that 
in the light of the fixed stars they are diflferent, and are also differ- 
ent in each different kind of artificial light. 

By taking away the screen, and viewing the spectrum of the 
preceding esperiment in the air by means of a magnifying eye- 
glass, an exceedingly great number of the fixed lines can be very 
well seen ; hut the method of experimenting with the prism 
attached to a telescope, which was used by Fraunhofer, is much 
more convenient. 

A telescope AB, which need not be achromatic, nor more than 
two feet long, but which must be supported on a convenient stand. 



is to be set accurately to the focus for seeing the line of light at a, 
which should be aa distant as possible, before the prism is put 
into its place. 

The prism need not contain so much as a cubic inch of glass ; 
but it must have its two refracting faces accurately fint and well 
polished, which is of more consequence than the glass being 
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free from blebs and stnx: being attached to a support, fitting a 
the und of tlie telescope, so that the axis of the telescope is at the 
angle of minimum deviation with the prism for the green or middle 
rays of the spectrum, the telescope is to he turned so that the rajs 
from the hne of light at a fall upon the prism nt the angle of 
minimum deviation in the same perpendicular section of the prism 
with the ajds of the telescope ; and then the Fraunhofer spectrum 
will be seen in the common focus of the eye-glass and object-glass. 
The plane of refraction aBA may be any that is convenient, as 
horizontal, vertical, or inclined ; but in every ease the line of light 
mmt be paraUel to the edge of the prism, and the axiB of the pencil 
must pass through it in a perpendicular section. 

The annexed diagram may serve to give an idea of the appear- 
ance of some of the lines of the spectrum, and to shovif the 
positions of those which, after Fraunhofer's designation, are calle( 




i 



the lines A, a, B, C, D, E, b, F, G, H, of the spectrum : being 
each always in the same shade of colour, they serve to determine, 
with the greatest precision, the part to which a given refractive 
index belongs; and to shew the exact effect of different media 
in dispersing the different parts of the spectrum. The ordi- 
nates from the horizontal to the curve line at the upper part^ 
of the figure shew the intensity of the light at each part of t 
spectrum. 

Sir Isaac Newton concluded, from insufficient experiments, that 
all media dispersed the colours of the spectrum in the same 
proportion as they refracted them; but Mr. Hall, and after- 
wards, about the year 1757, Mr. Dollond, discovered that :' 
nearly all media the dispersion bears a different ratio to \ 
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refraction. It has since been recognized that every medium 
refracts the different parts of the spectrum in a peculiar manner, 
giving rise to what is called the irrationality of dispersion : thus, 
with a hollow prism, as mentioned after Art. 3], filled with 
essential oil of turpentine, it is found that the violet end of the 
spectrum is much more extended in proportion to the other 
parts than with a glass prism ; and, on the contrary, if it is Med 
with sulphuric acid, that the red end is more extended in propor- 
tion to the other parts. Although in a less degree, the same holds 
for different kinds of glass, and offers a serious impediment to 
perfecting the achromatic telescope. 

It was shown by Sir Isaac Newton that when the colours of 
the spectrum were compounded again, they reproduced white 
tight; hut the presence of all the colours is not necessary for 
this end, as any pair of complementary colours, or such as are 
taken from what may be called opposite parts of tt when arranged 
as a circle, arc sufficient : thus red, with an appropriate tint of 
green, produces white light, orange with blue, yellow with vio- 
let, &c. 

In adopting a measure of the dispersion of media, we must take 
it in conjunction with the refraction ; and the difference of the 
deviations for any two fixed rays of the spectrum, divided by the 
mean deviation, is called the dispersive power of the medium for 
those rays. 

In Article 34 it was shown that if a be the refracting angle 
of a prism, fj, the refractive index, d the deviation; then, when a 
is small, and the pencil passes nearly directly through the prism, 
we have 

fc(,— 1). 

Let dj and fii be the deviation and refractive index for some 
fixed ray of the spectrum, d^ and fi^ those for another fixed ray, 
and d and u, those for the ray which is the mean between them. 



Then 






Subtracting the first of these expressions from the second, and 
dividing the result by the third, we have 



or, more concisely, we have the dispersive power of the mediuia 



for these rays = - 



I for which we frequently write the letter p 



From what was aaid of the irrationality of the dispersion, 
will be seen that this simple expression can never be more than 
an approximation j but if we suppose ^j and /i, to correspond to 
the fixed lines D and F of the spectrum in the nearly complemen- 
tary colours orange and blue, comprising between them all the 
brightest part of the spectrum, the dispersive power so expressed 
will give results in the various propositions as accurate as eaa be 
applied in the construction of the usual optical instmmentB. 

Art. 83. Prop. To investigate t/ie construction of an achro- 
matic prism formed of two prisms of given media. 

By an achromatic prism, we mean one which produces a devia- 
tion of a pencil of white light, but does not separate the variously 
coloured rays. 

Let i/„ d^ p.,, p^ he the deviations and refractive indices for | 
the two fixed rays, and p the mean refractive index in the prism^ 
of which the refracting angle is a, and d\, d'^, p\, p'^ d, the 
same quantities respectively for the other 
prism. Since the dispersions of the 
prisms are to neutralize each other, 
they must be equal and opposite, and 
the refracting angles must be turned in 
opposite directions, as in the figure ; that "" 
is, we must have 

d^-di = d'^~d\ 
or, (i^-/ii)«=(f^'2-^'i)«' 

multiplying and dividing by ^—1 and /i'— 1 




p-\ 



{p-\). 



p'-l 



ON CHBOUATICS. 



113 



V 



I 



or. 



a _ ii'-l /i'-l 



^- 



_ yV-l) 

if we put p and pf for the dispersive powers respectively. 

From this formula the refracting angle of either one of the 
prisms can be found when that of the other and the refractive 
indices and dispersive powers are known. 

It will be seen that there is always a small lateral displacement, 
althbugh there is no angular separation of the colours. 

If the angles of the prisms were large, we might obtain a 
theoretically more correct formula ; but from what has been » said 
of the irrationality of the spectrum, it will be seen that a perfectly 
achromatic prism is unattainable, with any kinds of glass now 
known. 




Art. 84. Prop. To find the longitudinal dispersion and the 
least circle of chromatic dispersion in a given lens. 

Let Q be the 
focus of the in- 
cident rays, q^ 
that of the re- *' 
fracted rays, for 
which the re- 
fractive index is 
/L&1, and q^ that 
for which it is 
^^'i and QC^Uf 

and /i the mean 
refractive index. If r and s be the radii of the first and second 
surfaces of the lens respectively, we have from Arts. 57 and 58, 

I 
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Vi ^* ir 8J u 

SubtractiDg the first from the second^ 

_ Sfi 1 

Now Vi— 1?2 is the decrease of the focal distance corresponding 
to the increase fi^^'M'i ^^ ^^® refractive index; therefore putting 
it =— Sv, and p the dispersive power; also Vi.v^=v^f we have 

^St;=^, which is the longitudinal dispersion. 

In the figures, ab, the diameter of the least circle, into which 
all the rays are collected, is nearly equally distant from qi and q^, 
and is the diameter of the least circle of chromatic dispersion to 
be found. 

Let CP=y, the half-aperture of the lens. 



By 


similar 


triangles 


9 












ab 
2 


:y:: 


:-^^':V.C 


or. 








ab= 


y.Bv 



^1 



= ^-^ the diameter required. 

For distant objects and the incident rays parallel, we have v=/, 
and therefore the diameter of the least circle of chromatic disper- 
sion ssabsxp . y. This shews how a great advantage was obtained 
in long telescopes before the discovery of the achromatic telescope ; 
since with the same eye-glass (see Art. 95) the magnifying power 
increases directly as the focal length of the object-glass^ whilst the 
indistinctness arising from dispersion does not increase. 
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Art. 85. To find the condition of achromatism in two thin lenses 
placed in contact. 

From Art. 80 we have - =2 (-^ ; and the condition of 

V \f/ u' 

achromatism is that v remains the same for all colours^ that is^ 

whilst the refractive indices are changed^ 

Let / and f be the foci of the lenses, of which r and s, r' 
and sf are the radii of the surfaces, p and pf the dispersive powers 
respectively, and fi and /*' the mean refractive indices ; we have, 
using the same notation as before, 

subtracting, 

- _^ 1 . V i_ 

.'. the dispersive ratio ^ = — -^ 

This equation shews us that one of the focal lengths must be 
negative and the other positive, since j> and // are always positive; 
or, one of the lenses must be convex and the other concave. Let 
f be the focal length of the concave lens, and let F be the focal 
length of the combination ; 

.V. Ill 

then ^=:^--.^ 

And if the combination is to act as a convex lens, we must have 
F a positive quantity, and 

1^1 

/ < /' 

i2 
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thai is, the convex lens must be of the shortest focus or greatest 
power. 

Also, 0=^-^ 

which shews us that p must be less than //, since /is less than/^, 
or the concave lens must be of the higher dispersive power. 

P f 

Putting i-- ='BJ=— "^^ we have 

t> f 

-) = 1=^, or/=F(l -^) and/'=F(l^) 

taking 'crr: .6 for some kinds of plate- 
and flint-glass, then for a thirty- 
inch focus telescope we have )j|— ] ^ 

F=30 inches, /= 12 inches, and 
/=520 inches. 

An achromatic convex lens, there- 
fore, may be as in the figures, and may 
be used to form real images of distant 
objects. 

In practice, the convex lens is made 
of plate or crown glass, and the concave of the higher dispersing 
flint glass, in nearly all the object-glasses of the achromatic tele- 
scopes. 

In one of the above figures the concave lens is a concavo-convex, 
but the practical opticians find the aberration most easily corrected 
when the concave lens is a concavo-concave, as in the other figure. 

Art. 86. Prof. To investigate the conditions of achromatism 
in a triple lens* 

ijctf,f,f^ be the focal lengths of the three lenses; Pspf^pf' 
the dispersive powers of the media of which they are composed. 
The general formula for a number of thin lenses in contact 




V \f/ u 



/> 

u 111,11 

becomes _ = _+^-, + _^,__ 
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Since r is to remain the same for rays of all colours, proceetliug 
as in the last Article, we find, 

°=^^y<; '« 

which shews us that either two of the lenses must be convex and 
the other concave, or otherwise two concave and the other convex. 
If one, asy, be negative, and the other two focal lengths be posi- 
tive, that of the conibioation being F, we have 

F-f-f+p • ■ • ■ (2) 
If the combination is to be essentially convex, we must have 
J^ positive; but the two equations (1) and (2) can be satisfied in 
an indefinite number of ways ; so that the condition may be esta- 
blished, that other rays which in the double leus left a residual 
or secondary spectrum from the irrationality, may be now bi-ought 
to one focus. 

Although the triple object-glass has theoretically an advantage 
over the double one, yet it is now very rarely made for large tele- 
scopes, the additional errors of workmanship counterbalancing the 
small advantage to be gained. The double object-glass is found 
to shew minute objects, as small fixed stars, most distinctly when 
the secondary spectrum exhibits itself as a faint purplish or wine- 
coloured tint around the star. 

In Art. 85 it was seen that the conditions of achromatism 
were fulfilled if the focal lengths and dispersive powers had a cer- 
tain relation ; but the focal lengths may remain the same, whilst 
the radii of the surfaces of the lenses are indefinitely changed ; 
hence these radii may be so taken that the aberration of the con- 
vex lens shall he destroyed by the opposite aberration of tlie con- 
cave one ; the lens is then said to be aplenalic as well as achro- 
matic, and such a lens used as the object-glass of a telescope will 
bring a large pencil of incident rays very accurately to a focus- 
Achromatic spheres and eye-lenses are easily made for com- 
mon purposes by fixing two equi-convex lenses with a thin film 
of Canada balsam between the central parts of them. Canada 
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balsam having the same refractive power as commoa glass, and' 
nearly douhle the dispersive power, the concave of it between the 
two convex lenses is nearly sufficient to achrotnatise them; and 
the combination ia much superior as a single magnifier to a single 
convex lens. 



Art. 87- To enfrplain the principle of achromatic eye-pieces. 



A 



The principle by which the achromatism in the eye-pieces of 
tdeacopes and microscopes ia produced is very different to the 
above; the full investigation will be found at page 160, Part II., 
but an explanation of the way in which it takes place may be given 
bere. 




I line SCjC^q. Let SP be a ray of white light incident on 
the first lens at F, parallel to the axis, but at a distance from it; 
by the prismatic efiect of the lens, the red ray Pr will be leas 
deviated than the violet one Pv; but Pv falling on a Batter part 
of the second lens than Pr, will be lesa deviated by itj and when the 
lenses are at a proper distance, a complete correction will result, 
and the rays emerging to g will be parallel, and shew no signs 
of colour. It is shewn in Fart II. that this takes place when 
the lenses are separated a distance equal to half the sum of their 
focal lengths. 

Since the distance and sum of the focal lengths are concerned 
only in the condition of achromatism, the forms of the lenses and 
the ratio of the focal lengths may he taken so as to secure other 
advantages ; such as the diminution of the aberration and the dat- 
ness of the field of vision, as an eye-piece. The eye-pieces of 
Huygens and Hamsden are those moat used in instruments where 
accuracy is a paramount object : the former, in telescopes aud 
microscopes, to produce the most distinct vision, since it is achro- 
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matic and with very little aberration and distortion ; and the latter, 
where a large extent of distinct field is desirable, as in the use of 
micrometers, but it is not quite achromatic, and is less distinct 
than Huygens's eye-piece, 

Huygens's eye-piece consists 
of two convexo-plane lenses, as 
in the figure ; the focal length 
of the more distant from the 
eye, which is called the field- 
glass, being three times that of 
the nearer or eye-glass; and 
their distance twice the focal length of the latter. The combina- 
tion cannot, from the shortness of the focus of the eye-glass, be 
used to view an object ; and the image, when used in a telescope 
or microscope, falls between the lenses, and hence it is called the 
negative eye-piece. In the figure, the image formed by the object- 
glass would have fallen at Q, but by the field-glass Cj, it is 
made to fall at q, half-way between the lenses, which is the prin- 
cipal focus of the eye-glass C^\ and the rays of each pencil on 
emerging from this latter are parallel, or as if they had come 
from a very distant object, and are therefore fit for vision by an 
eye at e* 

If/, be the focal length of the eye-glass C^ then Zf^ is that of 
Cj, and 



or 



_ J_ 
_1 

"/. 

This is the distance at which the field-glass must be placed nearer 
to the object-glass than its focus, Q. 

The lens C, is called the field-glass, from its having the effect 
of increasing the extent of the distinct part of the image or field 
of view. 
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Ramsden's eye-piece is formed of a plano-convex and a con-* 
vexo-plane lens of equal focal lengths^ set at a distance of about 
two-thirds of the focal length of 
either^ as in the figure ; and the 
image formed by the object-glass 
is immediately beyond the field- 
glass^ as at Qf so that the pencils 
after passing through the eye- 
piece are fit for vision to an eye immediately behind the eye- 
lens. The wires of the micrometer (generally spider's lines), 
which are moved by the screws of the instrument, are also at 
the place of the arrow Q, and being seen with it are equally 
affected by the distortion of the eye-piece, and therefore the result 
of the measurement is unaffected. 

If the lenses had been set at a distance equal to their focal 
length from each other, the condition of achromatism would have 
been fulfilled, but then the image Q must have coincided with the 
surface of the field-glass, and all dust and imperfection of the sur- 
face would have been seen with it, magnified by the eye-glass. The 
extent of distinct image is also increased by Q falling at some little 
distance beyond the field-glass. 




CHAPTER Vm. 



ON THE EYE AND VISION. 

The eycB of nmn and the higher animals have many parts com- 
mon to them and dioptrical instruments; but in the eye they are 
available in a wonderful manner, which no artificial instrument can 
be made to imitate. 

The eyca of aniniaU are far from uniform in their structure; 
and in many of the lower animals the absence of what we may call 
the optical parts leads to the conclusion that they serve to convey 
sensations of relative hght and darliness only; whilst in the higher 
animals the presence of parts formed so as to produce images iu- 
duces ua to behove that they have perceptions of the fonns of 
distant objects like ourselves : at the same time, the eyes of differ- 
ent tribes have peculiarities suited to their respective modes of 
living. 

The human eye may be considered as composed of two aegmenta 
of spheres ; of which the front one is transparent, and called the 
cornea, abc ia the figure; and the hinder one, adc, which is 
white, is called the globe of the eye. The length of the axis of the 
eye from b to d ia rather less than an inch ; 
and the radius of the cornea ia about three- 
tenths of an inch. 




The cornea is of a laminated structure, 
and of a considerable thickness, so that it is 
not injured by slight pressures on its surface i within its concavity 
ia the aqueous humour/, contained in its appropriate membrane. 
Through the cornea is seen the iris or uvea, difi'erently coloured in 
difierent individuals, of a fibrous structure, with the circular aper- 
ture in its center, called Ihe pupil. The iris performs the important 
office of regulating the quantity of light which passes to the inner 
chambers, by its involuntary action enlarging and diminishing the 
diameter of the pupil. At a short space behind the iris is the 
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crystnlUne lens or humour g, contained in its proper capsule, It is ! 
more coavex at its poateiior tban its anterior surface, and is of 
variable density, being most dense at its center. Immediately 
in contact with the posterior surface of the lena is the vitreous 
humour h, which is contained in a dehcate membrane, called the 
hyaloid membrane. 

The optie nerve coming from the brain enters the globe of the 
eye rather nearer to the nose than the axis, as at e: after its 
entrance, it ramifies and forma the retina, or nervous membrane, 
which is immediately exterior to the posterior portion of the 
hyaloid aud extends to the ciliary processes. Immediately exterior 
to the retina is the membrana Jacobi; and exterior to it again is 
the choroid coat or membrane, which contains the nigrum pigmen- 
tum in cells on its inner surface. The strong outer coat of the 
globe of the eye, called l/te sclerotica, is immediately exterior to the 
choroid, and is connected with the cornea at the points a and c. 
Near the junction of the sclerotica aud cornea the choroid turns 
inwards in folds, called the ciliary processes, which, containing 
between them the nigrum pigmentum, form a dense screen, 
venting irregular light from entering the vitreous humour and 
falling upon the retina. The ciliary ligament is a ring at the junc- 
tion of the cornea and sclerotica, to the latter of which it is united'; 
as well as to the choroid. 

The point e where the optic nerve enters, la insensible to the 
action of light, and is called the punctum cacum. If two spots be 
made with ink on paper, a few inches apart and kept in the same 
horizontal line; then if we look steadily at the inner one with one 
eye, aud move the paper nearer to and further from the eye, 
there will be one position at which all perception of the outer one 
will cease ; this is when the image of it falls upon the punctum 
CEecum, where the optic nerve is not yet developed into the sensi- 
tive retina. 



H 



By dissecting away the sclerotica and choroid at the back of the I 
eye, it is seen that inverted images are formed upon the retina, 
which soon becomes opaque after death, though transparent during 
hfe. We can have no doubt but that the seusc of vision arises from 
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the imprcasion produced by these images upon the retina, which is 
conveyed by the optic nerve to the brain. If Icnsea be placed 
between the eye and an object, so that aa indistinct Image must 
be formed upon the retina, then vision is also indistinct 

The only part of an object which is seen absolutely distinctly is 
that of which the image falls upon the retina at the extremity of 
the axis of the eye, where there is a peculiar organization in the 
human eye. At this part is the foramen cenlrale of Scemmering, 
which, however, is not an opening in the retina, but a small area, 
where the organization is more delicate. 

The foramen centiale may be seen by most persons as existing in 
their own eyes, by means of the spectrum of Purkinje, or by means 
of that of Wheatstone*. 

By holding a lighted candle about six or eight inches from the 
eye, and a little on one side, and agitating it, whilst we look with 
the eye into a dark space, most persons, after a short time, see 
before them numerous black, ramifying, waving lines, which repre- 
sent the shadows of the blood-vessels of the retina, on a copper- 
coloured ground, with the foramen centrale represented in the 
middle of the spectrum. By the shadows caused by the candle being 
held on one side of the axis of vision, we see that the foramen 
centrale has generally a raised rim j and it is probable that the 
area within it is the place of most distinct vision; and from 
apparent change, when we are sensible of a change in the adjust- 
ment, it may be furnished with means of minute adjustment to 
distinct vision. 

Wheatstone's spectrum is seen in the daylight by taking a piece 
of card about an inch square, with a hole in its center one-tenth of 
an inch in diameter, end agitating it before one eye turned to the 
sky, whilst the other is closed. The field of view becomes soon 
covered with an appearance of interwoven filaments, like threads of 
glass, except a small part in the center, which has a spotted appear- 
ance, and which is the foramen of Scemmering. By agitating a 
lens of an inch focus, before the eye when looking towards the 

* Tbia spectrum was first seen by Dr. Purkinje, but Mr. Wbcat«tone redis- 
covered it, not knowing that it boil previously been discovered and published. 
The firat spectrum was however described by Steinbuch in his ' Pbyaiologie 
der Siuae,' published in 1811. 
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flame of a candJe, we see larger waving linea in addition to the fine " 
oaes before meDtioaed, and coucludc that the two spectra are onlydif- 
ferent forms of the same phenomenon ; but that in Wheatstone's 
additional parts are seen. 

If a piece of burning wood be whirled quickly round in a circle 
in the dark, the whole circle appears Inminona. This shews us 
that the impression of light upon the retina remains for some time, 
wbich is probably different in different eyes; and it ia found to be 
in many eyes about one-seventh or eigbth part of a second. By 
this property a person looking steadily at a bright object, and then 
turning his eyes suddenly to a dark surface, sees for an instant the 
appearance of the bright object upon it. 

The eye's judgment of colour is very much influenced by the 
way in which it is affected by other colours or lights at the time. 
If a narrow atrip of white paper be held near the face, and the eyes 
set BO that two images are seen ; then if a lighted candle be brought 
near one eye so as to shine into it, the two images, though from 
the same object, and illuminated by the same light, appear of dif- 
ferent tints; the one seen by the eye not affected by the light 
appearing orange and brighter, and the other bluish and fainter. 
In the same way, when two shadows of a body are formed by 
different- coloured lights, if one of the lights be changed to another 
colour (as by putting another -coloured glass before it), the shadow 
on which the other-coloured light remained shining appears now of 
another colour. In the same way, also, painted colours appear 
much more intense when placed near their complementary or oppo- 
site colours. These effects are caused by the eye becoming less 
sensible of a weak colour when affected by a stronger of the same 
kind, and more sensible of it when affected by an opposite colour. 
From similar properties of the eye arise the following results : if, 
we look steadily at a red wafer on a white ground, and then sud- 
denly take it away, we soon see a green image in the place of the 
red one. One of the most singular effects produced by contrasted 
colours is when a red figure is worked in worsted on a light-blue 
ground, or a blue figure on a red ground ; on being agitated in the 
light of a candle, the figure appears vibrating, as if it consisted 
some jelly-like substance. 
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TLere are many cases on record of peraona who have not had the 
ordinary perception of colours. Dr. Dalton, the father of the 
modern chemistry, had thia peculiarityj and he has given an 
account of the most striking points connected with his vision, in 
a paper in the Memoirs of the Manchester Philosophical Society. 
He found that ordinary eyes saw nearly as he did, if they looked 
through a solution of aulphote of copper. The leaves and berries 
of the holly appear of exactly the same colour to such eyes. Pink 
and sky-blue are an exact match. Reds, dark-greens, and browns, 
arc all called browns. Sir David Brewster's view, that the eyea 
which have this peculiarity are very little sensible to red light, will 
account for the above phenomena j for instance, pink is a mixture 
of pale red and pale blue, and the latter only is seen. 

Many other properties of the eye and vision belong more pro- 
perly to the science of physiology. 

The refractive indices from air into the principal constituents of 
the eye were found by Sir David Brewster to be as follows : 

For the aqueous humour ^=1.336 

For the crystalline lens at its surface , /a=1.3767 

center . ^14=1.3990 

the mean . /i= 1.3839 

For the vitreous humour /i= 1.3394 

The relative refractive index for the aqueous humour into the 
crystalline lens, taking the mean value of fj,, is found by Art. 27 
to be 1.0358, and for the vitreous humour into the crystalline lens, 
1.0333. 

It will be seen that the principal refraction of a pencil takes 
place at its entering the cornea, and that the crystalline lens, lying 
between media of which the refractive powers are but little less 
than its own, has not much effect in shortening the focal length of 
the eye ; but, being most dense at its center, the central rays of a 
pencil are more refracted than the extreme ones, and hence the 
spherical aberration of the cornea is corrected. 

That the eye is achromatic is easily tested by looking at the 
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smallest possible bright particle on a dark ground, wbcD it is s 
to be free from even the secondary spectra mentioned in Art. 86. 
We must be careful of testing its achromatism by experiments 
which introduce colours by diffraction (see Phyaical Optics) at the 
boundary of the iris or otherwise. 



Ordinary eyes can see objects distinctly from about eight inches 
to indefinitely great distances; and since the image formed upon 
the retina must be in each case accurately at the focusj when there 
is distiuct vision, it is clear that the eye possesses the means of 
adjusting itself to all distances between those limits. We are our- 
selves sensible that adjustment takes place when we turn our eye 
suddenly from one object at one distance to another at another 
distance J and we easily perceive that two objects in the same 
direction cannot be seen distinctly at the same time, if one is near 
and the other distant. The means by which the eye adjusts itself 
to distinct vision at different distances has been a subject of moch 
discussionj and many hypotheses have been proposed which were 
entirely deficient of either optical or physiological foundation. The 
view of Dr. Pemberton, which was aftei-wards adopted by Dr. Young, 
supposes that the crystalline lena changes its form ; but it is now 
known that it possesses no muscular structure or other apparatus 
which could change its form, independently of the inadmissibility of 
the magnitude of the changes either in form or position which could 
produce the adjustment required; for, its being imbedded in media 
of nearly the same refractive power would require the changes to be 
very considerable. The view of Dr. Jortin, that the cornea changes 
its convexity from the action of some muscular apparatus, seems to 
be the only tenable one. The refraction from the air into the corne^'j 
is so great, that a very slight change of convexity will produce the 
required adjustment for objects differing in distance from eight 
inches to infinity. When the change of adjustment is from a dis- 
tant to a near object, the iris is always seen to contract, although 
the quantity of light falliug upon the eye remains the same, and 
vice versd; and this contraction is now known to physiologists to 
be caused by muscularity of the iris j so that we have undoubted 
evidence of muscular action accompanying the adjustment for dif- 
ferent distances of the object viewed. 
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ON LONG AND SHORT-SIGHTEDNESS. 

The eyes of every person have only a limited power of adjust- 
ment for distance ; but the extremes of the distances for distinct 
vision are different for different persons. 

Old persons generally lose the power of seeing near obj.ects dis- 
tinctly^ whilst they retain it for distant objects; they are then said 
to be long-sighted or presbyoptic. 

Many persons are able to see distinctly objects at the distance of 
two or three inches from the eye, but are not able to do so when 
they are removed to the distance of a few feet ; such persons are 
called short-sighted or myoptic. 

Art. 88. To find the forms of the lenses required to remedy long 
and short-sightedness* 



In presbyopia the power 
of the eye is sufficient to 
bring the rays from distant 
objects to a focus upon the 
retina, as at q in fig. 1 ; 
but a pencil diverging from 
a near point, as Q, fig. 2, 
would have the conjugate 
focus as at q^ and the rays 
would be spread over a 
considerable area upon the 
retina, and vision would be 
indistinct ; if, however, we 
interpose a convex lens as 
at C, fig. 3, of which Q is 
the principal focus, then 
the rays falling in a state 
of parallelism upon the 
cornea, they will be brought 
to a focus g' upon the retina, 



Fig. 1. 




Fig. 2. 




Fig. 3. 




and viaion will be distinct. In this manner a convex lens is th«| 
proper eye-lens to correct long-Biglitednesa. 

In myopia the power of 
the eye is so great that 
pencils diverging from near 
points, as Q, fig. 4, are 
brought to a focus q upon 
the retina, and visioa ia dis- 
tinct for near objects ; but 
the rays coining from a 
point in a diatant object, as 
in fig. 5, are brought to a 
focus, aa at q, before they 
reach the retina, and being 
spread over a considerable 
area on the retina vision is 
indistinct. By placing a 
concave lens, aaatC, fig. 6, 
before the eye the rays may 
be made to fall in a state 
of divergence upon the cornea as if coming from a near point 0, 
fig. 6, and will then be brought to a focus q upon the retina, and 
vision will be distinct. In this manner a concave lens of proper 
focal length ia the eye-glass requisite to correct short-sightedness. 

There are many persona short-sighted with one eye, but of ordi- 
nary sight with the other ; a concave eye-glass for the ahort-sighted 
eye is a great relief to them. 

Art, 89. To find the condilians of distinct vision through a con- 
vex lens ajtd its mogni/ying power. 

Let PP be an object placed at the distance of distinct vision 
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before the eye in the figure below; and let C be a convex lens 
placed between the eye and the same object, QQf, in the figure 




at the foot of the last page. When the vision is distinct in the case 
of the first figure, the rays must fall upon the cornea in the same 
state of divergence as in the second, when the eye remains in the 
same state of adjustment for distance ; or, the rays must diverge 
from a virtual image qq', equally distant from the eye with PP*, 
and they will then be brought to foci forming a distinct image 
upon the retina. 

The magnifying power of the lens is the number of times the 
angle which ^q subtends at the eye, contains the angle which 
PP' subtends. Let O and be the optical centers of the eye, 
which nearly coincide with the center of curvature of the cornea. 

Then the magnifying power of the lens = /pit^-p 

ivcLcfOq , 

_qO 

--prp 
77p 
_ g'g 

~QQ 

= ~ from Art. 78. 

But, from Art. 65, if/ be the focal length of the lens C, and we 
call Cq a positive quantity, 

_J__1_ 1 
Cq~f CQ 

J__l , J_ 
"" CQ~f^Cq 
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Substituting^ we have 

the magnifying power s= -X +1. 

Let e^&P, the eye's distance of distinct vision, and d=OC, 
the distance of the lens from the center of the eye^ 

the magnifying power = ^ + 1 

e d ^ 

^/"/ . 

which becomes greater as d is less, or as the lens is nearer to the 
eye. When d=e, the magnifying power -1, or the effect of the 
lens ceases. When the focal length of the lens is small, and d 
also small compared with e, we have 

the magnifying power = j nearly. 

This is the formula generally used in speaking of the magnify- 
ing power of a short-focused lens or sinffle microscope. Let/= ^ 
inch, and e=8 inches, we have 

the magnifying power =80. 

If we took 6=10 inches, then the magnifying power =100. 

In the case of myoptic vision, where e is small, as two or three 
inches, the magnifying power becomes small ; but such eyes at 
their least distance of distinct vision see an object under a much 
. greater angle than ordinary eyes, and have great advantages in 
the use of optical instruments, and in many optical experiments ; 
the natural power of the short-sighted eye being much more accu- 
rate than can be produced by a lens for the ordinary eye. 



CHAPTER IX. 



INSTRUMENTS. 



I 
I 



Of optical instrumeDts we may form two classes; one of which 
consists of iiiBtruinetita for showing magnified images of objects, 
and the other of instruments in which optical combiQationa are 
applied to obtain measures of either the linear magnitude of 
objects or angles between given directions. 

Although the welfare end progress of the human race are 
intimately connected with the advancement of every science, yet 
the benefits which have arisen, and are still arising, from the 
improvements in optical instruments seem second to no others. 
Astronomy, Geodesy, and Navigation, on which the intercourse 
of nations so much depends, would have been in a far different 
state if tlie optical parts of the respective inatrumenta had re- 
mained rude and unimproved; and still more important, as 
coming to each individual in his own person, is the prospect of 
sound progress in the curative art, from the recent and daily 
discoveries which are arising iu Physiology and Pathology by the 
state of perfection which the microscope has attained within the 
last few years. 

In the first of the above-named claasesj we have the catadi- 
optrical instruments, the various forms of the refiecting telescopes 
and microscopes ; the dioptrical instruments, the single and com- 
pound microscopes, the astronomical and the ordinary day-tele- 
scopes, the opera-glass, solar microscope, and magic-lantern, the 
camera- obscura, and the camcra-lucida. 

!n the second class we have the various forms of micrometers, 
Hadley's sextant and reflecting circles, the optical square, the 
goniometer, and many instruments which are more properly ex- 
plained in treatises on Astronomy. 

B.2 
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THE BERSCHELIAN TELESCOPE. 



The simplest telescope is the form of the reflecting telescope, 
which was adopted by Sir William Herschel, when very faint 
celestial objects were to be observed. The figure represents a 
Bection of the tube ABCD, of the speculum ab, and of the eye- 
tube and eye-glass at e. 



y^l 



The speculum ab is set obliquely to the axis of the tube, so 
that an image of the heavenly body, to which the axis of the 
tube is directed, is formed at the side where the eye-tube e is 
placed. This image is seen by the observer magnified by the 
eye-glass, as he stands at the front of the telescope with his back 
to the object. It ia called the front view. 

The image being formed by pencils reflected obliquely by the 
mirror, is never distinct when the aperture has the proportion 
to the focal length which is used in other reflecting telescopes ; 
but when such faint objects as the smaller of the satellites of 
Saturn, those of Uranus, or faint nebula, are to be observed, this 
is of leas consequence than the loss of light which occurs by the 
second reflexion in the other reflecting telescopes, which have 
two mirrors and an eye-glass. If the aperture is not more than 
one-fifteenth part of the focal length the confusion is not very 
great, and the advantages which are obtained by dispensing with 
the small mirror, required in other forms, render it the telescope 
that amateurs should first undertake to construct. 

Supposing the mirror to reflect two-thirds of the light incident 
upon it, and the eye-glass to transmit about nine-tenths of the 
light falling upon it, we find sixty rays of every one hundred fall- 
ing upon the mirror to reach the eye ; and the larger achromatic 
refracting telescopes do not transmit more. 

The magnifying power is found in the same way as for the 
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Newtonian telescope, and ia the focal length of the speculum di- 
vided by that of the eye-glass, as in that form. 

The quantity of light with which the image ia illuminated, ia 
pi-opoi'tional to the area of the mirror or the square of its aperture. 
The mirror of the large telescope of Sir William Hurschul, in- 
tended for observing the faint celestial objects before named, was 
forty-eight inches in diameter of the aperture, and of forty feet 
focal length. 



TUE NEWTONIAN TELESCOPE. 

This telescope has been termed the amateur's telescope, and in 
no-wise incorrectly. Sir Isaac Newton formed the plan, polished 
the mirrors, and fitted up the first reflecting telescopes ever made, 
which were found to be as effective as the refracting telescopes of 
the time, of twelve times their length. The celebrated John 
Hadley, about the year 1719, next succeeded in making a New- 
tonian telescope of about six feet length, which was equal to the 
refracting telescope given by Huygens to the Royal Society, of 
more tbaii one hundred and twenty feet length. The Newtonian 
telescopes made by Sir William Herschel were the instruments 
with which he made his moat important astronomical discoveries ; 
hia favourite working instrument being a seven-feet telescope of 
this form, with the large mirror of six and one-fourth inches aper- 
ture. The author may attribute his present position to hia having 
in his youth taken the study and constructing of Newtonian reflect- 
ing telescopes and microscopes for his favourite amusement, leading 
Lim to other scientific and mathematical studies. He has the 
satisfaction to know that his labours were not lost; since the pre- 
sent noble, persevenng, and spirited amateur maker of reflecting 
telescopes, the Earl of Rosse, says, in his paper in the Tranaaetiona 
of the Royal Society for 1840, though without acknowledgment, 
that he uses a chemically prepared powder for polishing, and a me- 
tallic chilhng surface in the casting of his specula, as the author 
had published in Brewster'a Edinburgh Journal of Science for 
1831; the easting process, howevw, with a variation based upon 



the erroneous supposition that an air-bubble in a fluid has 
dency to escape downwards*. 

The real image of a distant object formed by a concave mirroi 
being, as shown in Art. 33, at the principal focus in front of the 
mirror, Sir Isaac Newton placed a plane niiiror in the axis, and at 
an angle of 45° to it, between the large concave one and its focus, 
which reflected the pencils at right angles to their previous direc- 
tion, so that the image was formed at the side of the tube of the 
telescope, and might there be viewed by an eye-glass. 



In the figure, ABCD represents the tube of the telescope, 
the concave mirror, which, if the small mirror c were not inl 



'^ 



I 



posed, would give an inverted image of a distant object in t 
direction of its axis, at d, in its principal focus ; but the e 
plane mirror, c being set at an angle of 45° with the axis o 
the image is formed at e in place of d, and in the focus of an e 
glass/, which is in a tube attached to a sliding piece, which also 
carries the plane mirror, and thus a magnified image is seen by an 
eye at E. 

Art. 90. Prop. To Jind the magnifying power and field i 
view of the Newtonian telescope. 



Since the only effect of the plane mirror is to reflect the pend 
from the large mirror to the side of the tube, we may suppose jj 
away, and the light to pass to the eye-glass directly in the a 
the telescope. 



Let A'AA" he the concave object-mirror, C the eye-glass, 9'fH 
* S«e PhiloBophiral Magazine for Jaauary 1850, 
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the inverted image of a distant object in the common focus of the 




object-speculum and eye-glass. We suppose the image to be amall, 
and therefore the pencils diverging from it, and falling on the eye- 
lens, will, after emergence, become parallel in each pencil, and con- 
sequently fit for vision to ordinary eyes; as are also those from the 
distant object. The ray, as q'C in the figure, which would pass 
through the center of the lens, would emerge without deviation, 
and therefore the other emergent rays must he parallel to this. 
Any rays reflected from the center of the aperture A, and falling 
on the eye-glass, will be refracted by it ao as to cross the axis ACO 
in a point which is the conjugate focus to A; and since AC \9 
always large compared with the focal length of the eye-lens, this 
point, as e in the figure, is nearly the principal focal distance fi-oni 
C. This is the place where the eye of the observer should be in 
order to receive all pencils which have been reflected centi'ically by 
the mirror, and the hole in the eye-tube of the telescope should be 
somewhat nearer to the lens than this. 

If he the center of curvature of the mirror, QOqA, C^Oq'A' 
the rays from different points in the object, which falling perpen- 
dicularly on the mirror arc reflected directly back again, then the 
angle QOQ' which the points in the object subtend at 0, is the 
same as the angle q'Og, which the corresponding points in the 
image subtend ; and the magnifying power of the telescope is the 
number of times the angle ^Cq, which the image subtends to the 
eye of the observer, contains the angle QOQ' or angle q'Oq. 

Or the magnifying power = ^To" 

t aniy'Cy . 



_C9 

"iZ 

Oq 

_0q 

Cq 

-/• 
f,' 



fy^ snd/^ are the focal lengths oi 



the object -spec Ilium and eye-lens respectively. 

In finding the field of view, we see that if we join the center o 
the aperture A with the edge of the eye-lens by the line Ai^'a, thett j 
of the full pencil from the mirror, which is brought to a focus at y", 
the part from A to A" will fall upon the eye-lens ; but the part from 
A to A' will pass outside its edge : the point q" will consequently 
be only seen by half pencils. 

If we join ^ and a, the point where the line cuts the image will 
be the boundary of the portion which is seen by full pencils or the 
brightest portion of the field of view. If we join A" and a, this is 
the last ray of a pencil which can reach the eye-lens, and its inter- 
section with the image gives the extreme of the field of view. The 
distance between the portion seen by full pencils and the extreme of 
the field of view is called the Tagged edge, and is frequently partially 
or wholly cut ofi' by a stop or diaphragm, consisting of a metal plate 
in the eye-tube, with a circular aperture of the required diameter in 
its center. 

"We may take the point 5", which is seen by half pencils, as limit 
of the field, the radius of which is qq", and the angular radius to 
the naked eye is the angle q"OA = angle ^'AO 



Let a be the half-aperture of the eye-glass, then the angular radius 
of the field of view = > . 

We here suppose the plane mirror to be sufBcientiy large to refiectiS 
all the required rays to the eye-glass. 
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A right-angled prism was proposed to be used in place of the 
small plane mirror by Sir Isaac Newton. The object was to save 
light by employing the total reflexion at the base of the prism. 
An achromatic prism to bend the pencils to the side of the tube 
at a convenient angle has been proposed by Sir David Brewster. 
The objections against these are, that additional errors of work- 
manship would be introduced by the increased number of sur-* 
faces ; and refraction is always accompanied by aberration^ which 
would more than counterbalance the greater loss of light by the 
metalUc speculum. 



ON THE GREGORIAN TELESCOPE. 

This form of a reflecting telescope was the first invented ; but 
its inventor, Dr. Gregory, was not able to get it executed. John 
Hadley, Esq., who was so successful with the Newtonian, appears 
afterwards to have constructed this form; and soon afterwards 
Mr. James Short brought the workmanship to such perfection 
that for a long series of years the Gregorian was the most efibctive 
telescope. 

The Gregorian telescope consists of a large and a small con- 
cave mirror and an eye-lens, or more usually a double eye-piece. 
The large mirror has a circular hole through its center, through 
which the light reflected from the small mirror passes to the 
eye-piece. 




Let BS in the figure be the large or object-speculum, baV the 
small one, and C a single eye-lens. 



138 OPTICS. 

Let qcl be the inverted image of a distant object formed at 
the principal focus of the large mirror^ and ^ig, the image of q(/ 
formed by the small mirror in the focus of the eye-glass C. 
Then the pencils^ which diverging from different points in ^j^^ 
fall upon the eye-glass^ will emerge from it in a state of paral- 
lelism^ and therefore fit for vision to an eye placed at e^ where 
they cross the axis of the telescope. The second image being 
erect^ this telescope becomes a powerful one for day purposes^ as 
well as an astronomical one. 

Art. 91. Prop. To find the magnifying potoer of the Grego* 
rian telescope. 

Let O and (X be the centers of the curvatures of the two 
mirrors in the last figure. Let gf and q be the foci conjugate to 
the points Q and Q' in the distant object^ and draw the line 
^OQ! \ qOQ being the axis of the telescope. Let q and g,^ ^ and 
q^ be conjugate foci in the two images, and draw the line ^Oq^. 
Join C the center of the lens and q^ 

Then q^Cq^ is the angle under which the points q^ and qi in 
the second image^ corresponding to Q! and Q in the object, are 
seen by the eye at « ; and the angle under which ^ and Q are seen 
by the naked eye is QOQ=q^Oq. Hence, putting/^,/' and /« 
for the focal lengths of the large and small specula and eye-glass 
respectively ; the magnifying power 

"" ^q'Oq 

^Cq, 

W 
Oq 

_ giga ^ fo 

= -^ X '^ by Art. 33 
= 22l X 4 by Art- 19 
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Let l=aq^= the distance between the centers of the apertures 
of the two mirors nearly^ we have 

— = TT, from Art. 19 

aq^ f aq 



or 



1 

/ 



1 



1^ 
aq 



and the magnifying power = /( ^ — ^ j x y 

• 

We see that with the same object-speculum and eye-piece the 
magnifying power is greater as/' is leas; and this telescope is 
generally furnished with two or more small mirrors^ of different 
focal lengths^ fixed to upright arms^ which can be slided readily in 
and out of the tube of the instrument^ to change the magnifying 
power, as well as different eye-pieces of different powers for the 
same purpose. 

Art. 92. Prop. To find the angular magnitude of the field of 
view in Gregory^ s telescope. 




Let BAEf be the object-mirror^ supposed continuous^ baV the 
small mirror^ and cCd the eye-glass^ of which the half-aperture 
Cc=^a. 



We suppose the small mirror sufficiently large to reflect the 
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pencils from the large mirror completely^ and therefore the field 
of view will depend on the aperture of the eye-lens. 

Let ql be the point in the inverted image formed by the object- 
mirror, where it is cut by a ray Ad reflected at Ay and reflected 
again by the small mirror at cl, and finally touches the edge of the 
lens c; then g' is the point which is seen by half-pencils, and may 
be taken as the boundary of the field of view ; and the angle 4^9.9 
which qif subtends at the center of the curvature of the mirror, is 

the angular radius of the field of view required. 

> 

Since q is the bisection of AO^ the angle ^Oq equals the angle 
(lAq, The line dc will pass very nearly through q \ for the second 
image beiijg formed very near Ay these points A and q will be con- 
jugate foci to the small mirror very nearly. 

o.d 
Now ■ angle ff^s Zg^^gs^ -J- nearly, 

and angle clqa^^ LcqC= — nearly, 

_Cc 

-Cq 

Cc 
therefore substituting the value of aa'= ^ . qa 

angle j'Og=^-^ 

and using the same notation as in the last Article, and putting/^ 
for aq approximately, we have 

The angular radius of the field of view= -^ • ^ 

a f 



Jo *Je Jo*J 

= -4^- as an approximation, 

Jo 



since /e and/' are small compared with/,. 
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ON CASSEGRAIN'S TELESCOPE. 

Cassegrain^s telescope differs from Gregory's only in having in 
place of the concave small mirror a convex one, which is placed 
nearer the large mirror than its focus, instead of beyond it. The 
pencils from the large mirror therefore, fall in a state of conver- 
gence upon the small convex one ; and after reflexion by it will 
form a real inverted image, as at qiq^ in the figure, by the second 
part, of Art. 22. 

Art. 93. Prop. To find the magnifying power ofCassegrain^s 
telescope. 

Let BB' be the large speculum, baV the small convex one, of 
which the centers are and (V respectively, and C the eye-glass. 
Let q^ be the inverted image of a distant object, which would have 
been formed in the principal focus of the large mirror, if the pen- 
oils had not been intercepted by the small one; and q^q^ the real 
image of the virtual one g^, formed by the small convex mirror in 




the focus of the eye-glass C; q^ and q^ being points in the images 
corresponding to a point Q in the object, and q^, q those corre- 
sponding to a point Q. 

Join q^ and C, then the angle q^Cq^ is the angle under which 
the points q^ and q^ are seen by an eye at e; and the angle 
^Oq=:Q^OQ is that under which the corresponding points in the 
object are seen : hence, using the same notation as before. 
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the magnifying power =4^' 

Mi 

Oq 

- 2l^ .f' by the second part of Art. 22 

^MlJ' by Art. 20 
qa /, 

Let the distance between the two specula =/=«g, nearly. From 
Art. 20 

aq f g,a 



"/' "^ / 



therefore the magnifying power 



" f fe 

= f^ nearly. 

We see that the expression for the magnifying power in Casse- 
grain's is the same as in Gregory^s telescope^ and it has the advan- 
tage of being shorter ; but for day purposes it is inapplicable^ as 
the image is inverted. 

Art. 94. Prop. To find the angular magnitude of the field of 
view in Cassegrain^s telescope. 
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Let BAff be the object-mirror supposed without perforation iii 
its center^ O the center of its curvature^ baV the small mirror^ and 
cICc the eye-lens. Let f^ /', /, and a be as before. Let Q be 
the point in the object to which the axis CAO of the telescope 
is directed^ Q the point from which the ray reflected at A, and 
afterwards at a! on the small mirror, passes in Jc to the edge of 
the eye-glass ; if we produce Aaf to cut the virtual image in y', 
then Q, the corresponding point in the object to ^, will be seen 
by half-pencils^ and may be considered as the limit of the field of 
view. Drawing the line gfOQ!^ the angle QOQ=: ^q'Oq is the 
angular field of view to be found. 

The line co' when produced will cut the axis nearly in q, because 
q and A are conjugate foci^ nearly, of the small mirror. Now 
angle q'Oq^ ^q^Aq, because q bisects AO, 

and Z ^Aq = ^ c/Aa = -j- 

ad , 

nearly 



fo-f 

also Z cqA = elqa = — 

aq 

_cC 
-qC 

when ce aa^ = — p^ • aq 



a 



f 



fo+/e 

Then the angular radius of the field of view = Z (fAq 

a.f 



(fo-f) (/.+/.) 
= -^ approximately. 



ON SIR ISAAC NEWTON 'S BEFLECTINO MICROSCOPE. 

This is the simplest of the compound microscopes^ the essen- 
tial parts of the instrument being a concave object-speculum 
and an eye-lens. The object being placed between the center 
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of the curvature and the principal focus of the speculum^ a magni- 
fied real image is formed in the conjugate focus ; and this is again 
magnified on being seen through the eye-glass. 

Let be the center of curvature of the speculum BAB, and C 
the eye-glass. 




If qq' be a small object, and we draw lines through the points 
^ and q and the center 0, the conjugate foci of the reflected pen- 
cils will be in these lines, as at q^ and q^ respectively ; and an 
image will be formed, of which the magnitude is to that of the 
object as Oq^ to Og, or by Art. 19, as Aq^ to Aq. 

If Cq^ be such a distance that the pencils, after emerging from 
the eye-glass, diverge from a virtual image at the least distance 
of distinct vision, as in Art. 89, the magnifying power is the num- 
ber of times the angle which the image subtends at the eye con- 
tains the angle which the object itself subtends at the least distance 
of distinct vision. It is also the product of the magnifying powers 
of the eye-lens and the mirror. 



or the magnifying power = I — -^ — J \ -^ 



where ^, rf, and/ are as in Art. 89. Let the distance of q^ from 
^=/, which is the length of the tube of the microscope minus the 
focal length of the eye-lens nearly, and/, the focal length of the 
mirror, then 

the magnifying power = ( — —lyl ^ — y ) 

i'L 

When transparent objects are to be viewed by the light passing 
through them, a small plane mirror is required to be placed in 
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the axis of the tube at an angle of 45°. In Amici's modiiication 
this plane mirror is placed so between A and q that the object 
may be placed outside the tube. The objection to this is, that 
the errors of workmanship in the plane mirror will diminish the 
effect of the instrument. A plan used by the author was to place 
the transparent objects at q on small bits of mica, cemented to 
pins, with small wooden handles, which could readily be placed in 
the adjoining part of the microscope, and to throw the light from a 
lens at the side of the tube, through them by a small plane mirror 
bekiiid them, which was set at 45° to the axis of the tube. In this 
method the image formed by the concave mirror was direct, as in 
the figure. 

Though very good effects have been obtained by this micro- 
scope, there is room to expect much greater, when as great skill 
and attention shall have been paid to it as have latterly been 
expended on the achromatic compound microscope. The advan- 
tages of there being only one surface to polish and bring to a 
correct figure in the concave mirror, and reflexion being without 
any separation of colours, are very great, when we recollect 
that an achromatic lens is only an approximately corrected in- 
strument. 

In comparing the finest reflecting instruments with the finest 
refracting ones, a sharp distinctness of the outlines is shewn by 
the former; whilst, however accurate the images shewn by the 
latter, they have a haziness on all their outlines. 

For the proper mode of using microscopes and testing their 
relative powers, the student may consult with advantage Sir David 
Brewster^s treatise on the microscope. 



ON THE ASTRONOMICAL TELESCOPE. 

The astronomical telescope in its simplest form consists of 
two convex lenses, as in the figure, where ACA' represents the 
object-glass of a long focal length, and aca' the eye-glass, of 
which the focal length is short compared with that of the object- 
glass. An inverted image q'qq^' of a distant object is formed 

L 



at tlie common focus of the object and eye-glaasea, whose distance" 
is therefore the sum of their focal lengths. A pencil diverging 




from any point in the object, which is brought to a focus at g* in 
the image, will fall upon the eye-glass in such a state of diver- 
gence that it will emerge from it in a state of parallelism, and 
therefore be fit for vision to an eye at e. 



The eye-tube of the telescope, or that which carries the eye- 
glass, baa an eye-hole near e, where every ray passing through C, 
the center of the object-glass, is brought to cross the axis of the 
telescope; aud e is the conjugate focus to C for the eye-glass; 
or ec is rather more than the focal length of the lens aca'. If 
the eye be placed at e, all the pencils of parallel rays refracted 
by the eye-glaas will enter it, and the full field of view will be 
visible at once ; but if the eye be placed either nearer or farther 
away, some of the extreme pencils will not enter the pujiil, and 
only the central parts, more or less according to the distance of 
the eye from e, will be seen, 



Aet. 95. Prof. 
nomical tektcope. 



To find the mognifyinij power of tJte asii 



If q be the image of the point in the object to which the axis 

of the telescope is directed, and q' the image of another point, 
then ^Cg is the angle under which those points are seen at the 
object-glass. If we draw the line g'c through the center of the 
eye-glass, this ray will pass through it without deviation, and 
gives us the direction of the parallel emergent rays ; so that the 
angle under which the points q and q' in the image are seen by 
the eye is the angle q'cq. 



^ 



Therefore the magnifying power : 



L^cq^ 
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cq I 

= -V*- nearly 



Cq 

cq 
= 7 if /o be the focal length of 
the object-glass^ and/, that of the eye-glass. 

Art. 96. Prop. To find the field of view of the astronomical 
telescope. 

If we draw the line Ca through the center of the object-glass 
to the edge of the eye-glass^ cutting the image in ^\ we see 
that of the rays of the pencil^ which are brought to a focus at 
^y one half will fall on the eye-glass^ and be by it refracted to 
the eye^ but the other half will pass outside the edge a. The 
point g"^ being seen by half-pencils^ may be taken as the boun- 
dary of the field of view^ of which the angular measure is the 
angle y"Cy ; or 

the angular radius of the field of view = Zg^'Cy 

= ^aCc 

if a be half the 



/o+/e 

aperture of the eye-glass. 

If we joined A^ and a, the point where this line would cut the 
image would be the limit of the parts seen by full pencils^ or the 
brightest part of the field of view ; and if we joined A and a, the 
point of the image cut by that line would be the extreme part 
from which a ray would reach the eye-glass, or the extreme of the 
field of view. The part between these two points is the ragged 
edge, which may be cut off to a greater or less extent by a dia- 
phragm at the image, with a circular aperture of the desired radius 
in its center. 

We saw in Art. 95 that the magnifying power might be in- 
creased indefinitely by using an eye-glass of shorter and shorter 

l2 
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focuB ; but in practice there are several causes which set a limu 
to the magnifying power that can be used with a given object- 
glass. If the object-glass be a single convex lens, the chromatic 
dispersion renders the image indistinct, unless the aperture be 
small compared with the focal length ; but the brightness of the 
image being proportional to the quantity of light ou each point 
of it, or proportional to the area of the object-glass, it becomes 
faint when the aperture is small, and will only bear a low magni- 
fying power. The magnifying power is increased by increasing 
the focal length of the object-glass, which allows the aperture to 
be increased at the same time: thus the long telescope of Huy- 
gens, called aerial from being without a tube, had an aperture of 
six inches, and a focal lengtb of one hundred and twenty-thi 
feet, bearing a magnifying power of two hundred and i 
times. 

The discovery of the achromatic lens formed a new era in tl 
history of the refracting telescope ; and the achromatic and apla 
natic object-glasses, with Huygenian eye-pieces, of the i 
mical telescopes now used, are of apertures which would have 
required focal lengths ten or twelve times as great in the old 
telescopes. 

The magnifying power which a telescope will bear is differei 
for the different heavenly bodies, the moon and planets not allow- 
ing ao high a power as the fixed stars j and on the other hand, 
the brightness of the sun is so great, that a telescope sufBcient 
to shew the nature of his surface around the spots which are 
frequently visible, may he made with a spectacle-lens of three or 
four feet focus, with an eyc-lcns of one inch or less focus, and 
plane darkening glass before the eye which transmits only light 
one colour. 



The undulating stale of the atmosphere, from the continual 
intermingling of portions of air of difTerent temperatures, and 
therefore of different refractive powers, is a great impediment 
to the correct action of telescopes, and to their bearing high 
magnifying powers. Those who wish to learn the method of 
using the astronomical telescope, may consult with advanti 
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Dr. Kitchiner's Economy of the Eyes, part ii. on Telescopes, being 
the result of Thirty Year^ Experiments with Fifty ^one Telescopes. 

Abt. 97. To explain the construction of the achromatic day- 
telescope. 

The astronomical telescope shews inverted images of the objects 
towards which it is turned^ and for astronomical objects this is 
no disadvantage ; but in a telescope to be used by day upon ter- 
restrial objects^ such an inversion is not admissible. The inversion 
may be remedied^ as in the Gregorian telescope, by forming an 
image of the first image, which may be done by the addition of 
another convex lens ; but to secure a large and accurate field of 
view, the usual terrestrial eye-tube contains four convex lenses, as 
in the next figure. 

The inverted image of a distant object being formed by the 
object-glass C at q^, the pencils diverging again fall on the lens c^, 
which is nearly its focal length distant from q^; the refracted 
pencils then all cross the axis of the telescope at a point b, where 




a stop or diaphragm is placed to cut off all stray light ; falling 
then on a convex lens c^ they are bent towards the axis, and 
after falling on the field-glass Cg, they are brought to a focus again, 
forming a second image, which is erect at q^\ this image being 
in the focus of the eye-glass C4, the pencils refracted by it on emer- 
gence consist each of parallel rays, and are therefore fit for vision 
to an eye at e. 



ON THE GALILEAN TELESCOPE. 



The telescope of Galileo consists of a convex object-lens and 
a concave eye-lens, set at a distance equal to the difference of 
their focal lengths. This construction has the advantage of shew- 
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ing objects erect ; it is shorter than the other forms ; and when 
made with single lenses^ the errors of the concave correct in some 
degree those of the object-lens : for these reasons it is used for 
opera-glasses and perspective telescopes of low power ; but it has 
the disadvantage of having a very small field of view when the 
magnifying power is considerable. 

Art. 98. Prop. To find the mtynifying power of Galileo's 
telescope. 




Let C be the object-glass^ c the eye-glass, /« and/^ their focal 
lengths respectively, and let their distance Cc equal/,— Z^. The 
image ^9^' of a distant object would be formed at the principal 
focus of the object-glass if the eye-glass did not intercept the 
pencils; but the image being also at its principal focus, each 
pencil converging to a point in the image at incidence, will emerge 
from it in a state of parallelism, and therefore fit for vision to an 
eye close behind it. 

If q be the point in the image which is in the axis of the tele- 
scope, q* any other point, the corresponding points in the object 
will subtend at the object-glass the angle gfCq. If we draw the 
line g'c, this would be the direction of a ray passing through the 
eye-glass without deviation; and therefore the direction of the 
parallel rays, which before incidence on the eye-glass were con- 
verging to g', and hence the angle ^cq is that which the virtual 
image subtends to the eye. 



The magnifying power = 



_ ^^cq 



L(iVq 



(fq 



= -f- nearly 
Cq 
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-A 
~f. 

We see that the rays from various points in the object enter the 
eye in the same relative directions as they enter the naked eye, and 
therefore the virtual magnified image is seen erect. 

Art. 99. To find the field of view in the Galilean telescope. 




The eye being placed close to the eye-glass, as in the figure, 
let qi be the point in the image determined by drawing a line 
through C the center of the object-glass, and the upper edge of 
the pupil of the eye ; then the point in the object corresponding 
to Qi will be seen by half-pencils, and may be taken as the limit 
of the field of view. Let the half aperture of the pupil equal a, 
then 

the angular field of view = /.q^Cq 

qC 

a 



Jo Je 



This value is always small, and becomes smaller as/^ is increased 
and fg diminished, or as the magnifying power is increased. 



ON THE COMPOUND REFRACTING MICROSCOPE. 

In the ordinary compound microscope the object-lens is a double 
convex of short focus, as c in the figure. A small object being 
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placed at QQf, an image of it would be formed in the conjugate 
focus q^ 'f but the field-lens C being interposed^ 
the pencils are brought to a focus at q^q^, and the 
magnified image formed there is viewed by means 
of an eye-glass cf by an eye situated at e. 

Many variations of the annexed form have been 
constructed ; as for instance, two lenses near toge- 
ther are sometimes substituted for the one cf, and 
the field-glass removed farther from them ; and in 
general the aperture of the object-glass c is limited^ 
to produce a more distinct though less bright image. 
A diaphragm is also frequently placed between the 
object-glass and field-glass^ near to the former, the 
circular aperture in which allows a certain magni- 
tude to the pencils forming the central parts of the 
field, and causes the outer parts to be formed by pencils passing 
excentrically through the object-glass, so as to make them to be 
seen more accurately than they otherwise would be. 




Art. 100. To find the magnifying power of the compound refract* 
ing microscope. 

In finding the magnifying power of telescopes, we supposed 
the visual pencil on emerging from the eye-glass to consist of 
parallel rays, as that entering the naked eye would, when coming 
from a distant object. In finding the magnifying power of a 
microscope, we have to compare the angle the object subtends 
to the naked eye at the least distance of distinct vision, with the 
angle which the image formed by the microscope subtends when 
the visual pencil enters the eye in the same state of divergence, 
or as if coming from a virtual image at the least distance of distinct 
vision. 



Let / be the focal length of the object-glass c, /' that of the 
field-glass Cyfg that of the eye-glass d. Let cq=l= the length 
of the instrument nearly, e= the least distance of distinct vision. 
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mu c - the angle o.Qq subtends at the eye 

The magnifying power = -r . >.^.r . 1 i — t- — - — 

•^ ° ^ the angle QQ! subtends at the distance 
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Substituting from these in the preceding expression^ we have 
the magnifying power =^-| + 1 Yl — yrJ^Y — l) 

If the effect of the field-glass is inconsiderable^ so that -^ is 

e I 

small; at the same time that j- and -7 are large^ 

Je J 

el 
the magnifying power = ~ • ~ nearly. 

J e J 

As the focal lengths of the object-glasses of a microscope^ or as 
they are generally termed, the powers^ cannot be determined very 
accurately in a direct manner, it is necessary to measure the mag- 
nifying power experimentally when it is required to be known to 
considerable nicety. This is performed by what is called the 
method of fake vision, which may be very conveniently used also to 
find the magnifying powers of telescopes. A small object of known 
magnitude being placed before the object-glass of the microscope, 
its image is viewed by one eye through the instrument, whilst the 
other eye is directed to a divided scale at the least distance of 
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distinct visiou ; when the microBCope is adjusted, the Bcale a 
image of the small ubject will be seen together, and the megnitai 
of the image can he read upon the scale. Thia magnitude divid< 
fay the real magnitude of the object gives the magnifying pown 
required. 

When the magnifying power of a telescope is not very great, j 
may be found by turning it towards a brick wall not more distaM 
than that the courses of bricks can he counted by the naked eyd 
the number of courses to the naked eye which correspond to o 
course seen at the same time by the other eye through I 
telescope gives the magnifying power for that distance of t 
object. 

A great improvement was effected in the compound refractia 
microscope by the introduction of achromatic lenses of short I 
for the powers. 

For some years past the achromatic microscope has rcceii 
great attention, and has been brought by the artists to 
degree of perfection in workmanship. Achromatic object-glasses 
or powers having been introduced, Mr. Lister found that by using, 
for his powers, combinations of two or more, separated by deter- 
mined intervals, much larger pencils could be brought to accurate 
foci, and the instrument would bear with distinctness much higher 
magni^ng powers than with a single achromatic object-glass. 
Mr. Ross, the eminent practical optician, also discovered that the 
distances between the achromatic lenses required to be changed for 
the most distinct effect, when the microscope which had been 
adjusted for viewing objects directly, was applied to those which 
were preserved in Canada balsam or otherwise, under thin plates of 
glass. 

One of the figures annexed represents the achromatic mieroE 
as formerly constructed, with an ohject-lens, consisting of 
plano-convex achromatic lenses, and a Uuygenian eye-piece. The 
other figure represents a later form of the compound object-glass, 
with the positions of the successive foci ; but further improvements 
have been made in the construction and will continue to be made. 
In the fitting up of the best triple object-lenses there is a means of 
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changmg the distance of the 
lower lens from the two upper 
ones in accordance with Mr. 
Boss's improvement. 

It was considered a great 
achievement when an achro- 
matic object-lens was made 
which would bring a pencil 
of an angle of near twenty 
degrees to an accurate focus ; 
but since Mr. Lister's views 
have been carried out^ triple 
lenses have been made^ which 
bring pencils accurately to a 
focus^ of angles of more than 
ninety degrees. 

The students who wish to 
learn more particulars on this 
subject may consult the article 
'Microscope' in the Penny 
Cycl(^adia, written by Mr. 
Boss. 
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ON DR. WOLLASTON'S DOUBLET. 

Dr. WoUaston conceived the idea that Huygens's eye-piece 
turned the reverse way to the eye would form an excellent micro- 
scope^ which is found to be the case ; although the principles on 
which its advantages as an eye- piece depend do not hold in the 
same way in this use of it^ as shown at page 184^ Fart II. The 
practical opticians have improved the construction by introducing 
a diaphragm between the lenses^ so that a large angular field is 
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procured sufficiently accurate to show many difficulty or as they are 
called^ test obfects. 



In the annexed figure^ g shews the place 
of the object ; a and b are the plano-convex 
lenses^ the focal length of b is three times 
that of a, but they are drawn very large com- 
pared with the actual magnitudes and focal 
lengths which are frequently used ; dc is the 
diaphragm. 




The doublet must be classed with the single microscopes^ and 
its magnifying power is determined by the results of Article 89^ 
after the focal length of the equivalent single lens has been founds 
by Art. 81. 



ON DR. WOLLASTON'S CAMERA LUCIDA. 

This instrument consists of a small quadrilateral prism of glass, 
of which AB in the figure is the perpepdicular section, held in a 
brass frame which is attached to an upright rod having at its lower 
end a screw clamp to fix it to the edge of a table. The prism being 
at the height of about a foot from the table, has its edges hori- 
zontal. Two of its 
faces, as in the figure, 
are at a right angle at 
A, and the faces conti- 
guous make respec- 
tively with them angles 
of 67i degrees; so that t^ 
the remaining obtuse 
angle at B contains 
135 degrees. 

Rays coming from an object PQ and falling nearly perpendi- 
cularly on the first surface, enter the prism and undergo total 
reflexion at the contiguous surface; they then fall at the same 
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angle on the next surface, and are totally reflected again; and 
finally emerge nearly perpendicularly to the remaining surface. 
An eye, as in the figure, receives the emergent pencil through one 
part of the pupil, so that an image, pq, of the object is seen pro- 
jected upon a sheet of paper upon the table. The rays from the 
drawing-pencil passing the edge of the prism enter the other part 
of the pupil, so that the pencil and image are seen together upon 
the paper, and a sketch of the latter can be taken. Strictly, the 
image is equally distant from the prism with the object, and so 
cannot be seen distinctly at the same time with the drawing-pencil ; 
but a plate of metal, with a small aperture as an eye-hole, being 
placed at the edge under the eye, so that the rays through the 
prism and those from the drawing-pencil which both pass through 
the eye-hole form only very small pencils, the difficulty is greatly 
diminished, and many artists have acquired great readiness in using 
the instrument. Others, however, have never been able to acquire 
this facility ; and other modifications of the same principle have 
been proposed to remedy the inconvenience which they have felt. 

The reasons for two reflexions being used, instead of one from 
a single metallic mirror, will be seen from the discussion in 
Article 8. 



ON THE CAMERA OBSCURA. 

The camera obscura is constructed in a variety of forms ; but in 
all, the intention is to receive upon a screen, or other surface, the real 
images formed by a convex lens of external objects. Amongst the 
uses to which it is applied, none is of greater interest than photogra- 
phy, by which a permanent picture of the image formed in the camera 
is procured. The form of the instrument as used for this purpose 
is similar to the 
figure, which re- 
presents a rectan- 
gular box of wood, 
with a slidingtube 
at its fore part con- 
taining, as at C, a convex lens : at AB a screen of thin paper, or a 
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sheet of glass ground rough on one surface, is placed in a fixed 
position in the inside of the box ; and the back of the box is either 
left open^ or has a door to open or shut. 

The instrument -being turned towards an object PQ, and the 
lens being set, by 

means of the sli- \ ?\ LX -4-p 

ding tube, to the 
proper distance 

from the screen \ ^r \ ^jr^ 

ABy there will be 
formed upon it an inverted image pq, of the object, which will be 
seen through the open back of the box, upon the translucent screen. 
When the camera is applied to photography, the lens should be 
adjusted to give the most distinct image with the violet rays, as 
the chemically acting rays accompany that end of the solar spec- 
trum. The screen AB being removed, and a prepared sensitive 
surface on glass, paper, or silvered copper-plate being put in the 
same place, and having been preserved in close covers from the 
action of light until the required time, the image is allowed to fall 
upon it ; and after a short time, this image produces an effect upon 
the sensitive surface from which subsequent chemical processes 
develope the photographic picture of the object. 

The inversion of the picture as to the up-and-down directions, 
is taken away when it is turned the reverse way to what it is in the 
instrument; but there remains the inversion of right and left. 
This latter imperfection is avoided in many of the methods of pho- 
tography. 

In those forms of the camera obscura where a large picture is to 
be received upon the screen, this latter must be curved to the same 
curvature as the image, so that the foci for the oblique pencils may 
fall upon it. 
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ON THE MAGIC LANTERN. 

The use of the magic lantern is to throw upon a screen in one 
foens of a convex lens a magnified image of a picture painted upon 
gtaas in the other focus, which is strongly illuminated by the light 
from the lamp within the lantern. The simplest form is that given 
in the figure, where a is the poBition of the picture, b the flame of 
the lamp, and c the 
convex lens, of which 
A is the focus con- 
jugate to (7, and 
therefore the posi- 
tion of the screen 
on which the image 
is received. The pic- 
ture being inverted 
at a, the image at A 
is erect. The lens is fixed in a sliding tube, so that it may be 
brought to the proper distance from a, for forming a correct image 
upon the screen. As the image is greatly magnified, and has over 
its whole area the same quantity of light as the picture, minus the 
loss in passing through the lens, therefore, although viewed in a 
dark room with the light within the lantern carefully prevented from 
shining out of it otherwise than through the lens, yet, in order that 
it may be seen brightly, the light passing through the picture must 
be very strong. To increase the brightness of the image, the magic 
lantern has generally a concave spherical reflector, as at d in the 
figure, or one or more short-focused lenses between b and a, to 
condense a strong light upon the picture, or both of these means 
are used at the same time. 

The oxyhydrogen microscope is only a particular form of the 
magic lantern ; the brilliant light from a cyhnder of lime acted on 
by the oxyhydrogen blowpipe being substituted for the flame of a 
lamp, and several condensing lenses placed between it and the 
picture. To procure a more correct image, it is usual to put two 
lenses in place of the single lens c; and by having a means of 
changing the distance between them, and at the same time keeping 
the picture and screen in the conjugate foci, we can change the 
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magnifying power^ as shown in Art. 81^ and thus produce the effect 
of the image appearing to approach the spectators as it is enlarged 
in magnitude, and to recede from them as it is diminished. This 
is generally produced by the phantasmagoria lantern ; the specta- 
tors viewing the image through a translucent screen, whilst the 
lantern on the opposite side is slided along a surface nearer to or 
further from the screen, and the image kept distinct, though of 
varying magnitude, by adjusting the lens to the proper distance 
from the picture. 

What are called dissolving views, are produced by having two 
lanterns directed towards the screen at the same time, and gra- 
dually shutting out the light of one lantern as that of the other is 
admitted. 

The lucemal microscope is the magic lantern adapted to shewing 
images of natural objects upon a screen, such as the transparent 
wings of insects, thin sections of wood, &c. The modification 
required is, that the condensing lenses must have sufficient power 
to collect the illuminating light into the space allotted for the 
object. 

In these different forms of the magic lantern the edges of the 
field over which the image is spread will never be very distinct at 
the same time with the center, unless the screen has the same cur- 
vature as the image ; or otherwise the picture, &c., is upon such a 
curved surface as to give a flat image. 



ON THE SOLAR MICROSCOPE. 

The solar microscope is the same in principle with the lucemal 
microscope and magic lantern, the difference being that the light of 
the sun is used to illuminate the object whose image is to be thrown 
on the screen. It is generally used to show magnified views of 
natural objects ; but is also applicable, with similar lenses, to shew 
the images of pictures, like the oxyhydrogen microscope and magic 
lantern. 

The figure represents the optical construction of the instru- 



ON OPTICAL mSTRUMENTS. 



161 



nient^ whicli is fastened to a window-shutter of a darkened room^ 
at an aperture in it^ which is a little larger than will admit a beam 
of the sun's light of the diameter of the first condensing lens Ci^ 




The body of the microscope^ which contains the condensing lenses 
^v ^9> ^3> &^d ^^6 power b, is horizontal^ and the sun's light is 
reflected through it by the mirror, of ordinary looking-glass, BC^ 
The condensing lenses collecting an exceedingly strong light upon 
a small object at a in one focus of the power b, a highly magnified 
and very bright image is received upon a screen at A in the conju- 
gate focus. 

The solar microscope, the lucemal and oxyhydrogen micro- 
scopes, as used to shew magnified images of natural objects, are 
adapted to exhibit them in an agreeable manner to a company of 
spectators at the same time, rather than to shew their minute 
structure, as Wollaston's doublet and the achromatic microscope 
will shew them. 



ON THE OPTICAL SQUARE. 

The optical square is an application of the property of the reflec- 
tion at two plane mirrors, by which a much more convenient and 
expeditious instrument is produced to supply the place of the cross 
used by surveyors to determine directions at right angles to each 
other. 



The result to be obtained will be more easily understood by ex- 
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amining the construction of the 
surveyor's cro88-8taff, as shewn in 
the upper figure^ where ab and cd 
are grooves^ at right angles to 
each other^ sawn into the circular 
head of the staff. The staff being 
stuck into the ground^ the eye^ 
on looking along the grooves in 
succession^ sees the objects whose 
directions from the center of the 
cross are at right angles to each 
other. The inconvenience and 
delay of first looking along one 
of the grooves and then along the 
other might be remedied by pla- 
cing a mirror^ as mn in the second 
figure, at an angle of 45° with 
the direction of ab^ and sunk so 
far in the head of the staff that 
the eye looking over the mirror 
would see in the direction ab, 
and looking into the mirror would 
see in the perpendicular direc- 
tion cd. 



The optical square is, however, a better instrument than either 
of these. It was shewn in Art. 11, that the deviation of a ray of 
light reflected by two plane mirrors in a plane perpendicular* to 
their intersection equals twice the angle between the mirrors; so 
that if the angle between the mirrors is 45°, the deviation is a right 
angle. If ef and gh are two such mirrors of silvered plate-glass, 
and the silvering oi gh be removed from its outer half, the objects 
beyond will be seen through this part at the same time with a faint 
reflection of the light coming from the other mirror at the surface 
of the glass. The object in the direction of ab will seem coinciding 
with the image of an object in a direction ec, at right angles to ab, 
given by the two reflexions ; and thus the perpendicular to a given 
direction is determined with accuracy and expedition. 
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ON hadley's sextant. 

Hadley's sextant is an instrument for measuring the angle 
between two given directions, by means of the property of two 
plane mirrors inclined to each other, which is investigated in 
Article 11. The mirrors, which 
are of silvered plate-glaas, are 
placed as at a and b in the 
figure, and both of them per- 
pendicular to the plane of the 
instrument; the one at b is 
fixed to the frame of it, and 
has the silvering removed from 
its outer half; the other at a 
is fixed to an arm turning 
about a pivot at the center of 
the graduated arc AB. 

The arm to which the mir- 
ror a is fixed carries a vernier at C; and when the index on the 
vernier points to on the graduated arc, the mirrors are parallel. 
An eye-hole at e, or a small telescope directed to the mirror b, is 
fixed to the frame, 

Rays of light passing through the unsilvered part of the mirror 
i, from a distant object, as the offing at sea, and others reflected 
by it parallel to them, will be brought to a focus together in the 
telescope ; and if these latter are rays from a star or other heavenly 
body which have been reflected by the mirror a to b, the image of 
the star, &c. will coincide with that of the offing. The deviation 
of the ray Sa from the star is its altitude above the offing, and is 
by Article 11, twice the angle between the mirrors, or twice the 
degrees contained in the arc ^C; so that half degrees on the gra- 
duated arc being marked as whole degrees, the reading by the ver- 
nier gives the altitude of the star, &c. 

By the same method the angle subtended by any two objects can 
be measured. 
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On land the altitudea of the heavenly bodies are determined with 
this inatniment by measuring in a similar manner the angle between 
the direct rays from the star and those from ita image in the hori- 
zontal surface of mercury or other fluid, which ia then called an 
artificial horizon. See the proof of the law of reflexion ill the In-j 
troductory Chapter. 



The reflecting eirele is constructed on the same optical prineipl 
as Hadley'a aextaut j but tbe whole eirele is graduated, and there 

are two or three verniers at equal distaneea, so that the angles are 
read off at different parts of tbe graduated circle j and the average 
gives & much more correct reading than can be expected from the 
sextant. It is used in tbe same caaea as the sextant, where station- 
ary instruments are not appUeable, and the objects are supposed to 
be very distant, so that the apace between the mirrors subtends no 
appreciable angle to them. When the objects are near, an error is 
introduced which is called the parallax of the instrument. 



fl THE MICROMETER. 



n 



The micrometers, as their name implies, are used to determine 
the measures of small magnitudes. There are aeveral forma ; but 
the only one which will be described here ia the screw micrometer. 



A rectangular 
brass frame ABCD 
has its faces parallel 
to the plane of tbe 
paper closed on each 
side by a brass plate, 
except a circular 
aperture through each, where are seen the longitudinal spider's 
line cd, and the perpendicular ones ef, gh, kl ; cd, ef, i/k are fixed 
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in the inatrument, but */ is attached to the moveable rectangular 
frame GH, which is screwed backwards and forwards by the screw 
of which the axis is ab, aod it passes closely to the other liaes 
without touching them. A spiral spring, acting as in the figure 
at G, keeps the moveable frame pressing in one direction against 
the threads of the screWj and the shoulder mn, upon it against the 
end AD, of the frame. A circle EF, is fixed on the axle of the 
screw where it has passed through the end of the frame, atid ita 
circumference is divided into 50 or 100 parts. On the screw being 
turned rouod by means of the milled head near a, the parts of a 
revolution are read off by means of the index fixed near D. The 
number of revolutions of the screw which the moveable line kl, is 
distant from the central one gh, is given by the teeth of a rack at 
pq. The distance of the lines ef and gh being known, greater 
measureH can be taken than could be with ff/t only. 

The whole set of lines are placed in the common focus of the 
object-lenses of the telescope or microscope and the llamsden's 
eye-piece, so that they appear to coincide with the image which 
is there formed, and consequently, being seen with it, they afford 
the means of determining ita magnitude with very great accuracy. 
The object and image subtend the same angle at the center of the 
object-glass j and when the distance of the image from that point 
and its magnitude have been measured, the angle is known. If the 
distance of the object is also known, a simple calculation gives its 
magnitude. There are several modifications in the construction, 
which are adapted for particular caaea of the application of the 
micrometer. 



ON DR. WOLLASTON 8 GONIOMETER, 

This is an instrument for measuring the angles between the 
faces of crystals, by means of the directions of a beam of light 
reflected by them. 

A graduated circle has its axis projecting on each side, and 
is aupported by the asis on one side passing through a circular 
hole in the upright frame-work fixed to the base. The axis on the 




other aide carries three arma connected together, which all( 

motiou in three rectangular directions. One or 

fixed to the frame-work, and 

serve to determine the angle 

through which the circle is 

turned. 



The crystal is attached 
with wax to a plate on the 
last of the arma, and is, 
by means of them, placed 
in aiich a position that the 
intersection of two of its 
faces ia at the axis, and 
perpendicular to the plane 
of the circle, with which it 
may then be turned round. 

Let ab, ac be sections of two faces of a crystal meeting at 
edge which is at the axis of the circle and perpendicular to its 
plane. Let an, am be normals to the faces at a ; the angli 
is the supplement of the angle bac, which will therefore be known' 
when man is determined, 

Let the circle be turned round antil the reflcxiou of the light 
coming through a narrow slit A, in a piece of card-board parallel 
to the axis of the circle, at the face ab of the crystal, is seen in the 
direction of another parallel line at B, and let the vernier be read 
off; then the circle being turned until the reflexion of the light 
from A by the face ac ia seen in the sams direction aB, and the 
vernier read off again ; the difference of the two readings gives the 
angle through which the circle has been turned, which is the angle 
man between the normals. 

The arms by which the crystal is placed in its required positicH 
are omitted in the figure, as the section of the crystal, for the 
sake of distinctness, is drawn disproportionately large compared 
with the circle. It will be seen that this instrument suffices to 
measure the angles between the plane and polished surfaces ( 
crystals, however small they may be. 
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VAcnuM . . . 
Hydrogen Gas . 
Oxygen Gas . . 
Atmospheric Air 
Nitrogen Gas . 

Tabasiieek . . 

to 
Water .... 
Alcohol . . . 
Oil op Olives 
Gum Akabic . . 
Camphor . . . 
Plate Glass . . 

to 
Crown Glass . . 

to 
Flint Glass . . 

to 
Canada Balsam 

to 
Emerald . . . 


1- 

1-000138 
1-000272 
1-000294 
1-000300 

Miin 

1-1825 J 

1-336 

1-372 

1-470 

1-512 

1-500 

l-500\ 

1-550/ 

1-5251 

1-544/ 

1-576 "1 

1-642 J 

1-5281 

1549/ 

1-585 


Beryl 

Topaz 

to 
Oil of Cassia. . . 


1-698 
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1-652/ 
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Sapphire . . . 


1-760 


to 


1-794 
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2-015 


to 
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to 
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to 
Diamond .... 
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CaaoMATE 1 ieaat 

OF Lead/ greatest 
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2-148/ 
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2-500 
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2-64S 
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iHlh Numenui £xrunplu. Br Smun Kiwin, U.A., Feltov of OnlTcciltr Collcto. Londcn. 
Fuurth Edttlon. BeTtieil wid eularEed. SbibIISto. Si, Bd., clotb. 

Newth^s First Book of Natural Philosophy; or, an Intro- 

ducllon to the Snd; ct Slallci. Dyiuunlcg.HfdrotUUo ud OptLd Kith namBrDiu Eiunplei. Mew 
Ediilun. igma. 3i. Gd..c]uib. 

Newth's Mathematicnl Examples : a Graduated Series of 

£]eineiitU7 Examples In ArUhDietic, Algibn, LogarlUuni, TrigonnnieUy. sod Uocliuka. Willi 

*,* Sold aim in Foot Paris (icithoal Antver/i'), itparately — 
Arnhiaolhi. aa. Gd. I Trl|Rinnnietr]-andLogaiitlinii,li,M. 

Algebti, ai. ed. I Ueohuilci, li.liil. 



NATUHAL PHILOSOPHY, ASTHONOMY, Eto. 
Lardner's Museum of Science and Art. Complete in Twelve 

single Volumen, ISi., omamenlBl Iwardi, or Sli Double One>, £1 )•., oloth Icltcrod. 



The Pluneli; an the/ TnlwUKd Worldi 7 Wcaihsr proKtioitlct. Pniinlnr Falluiii In Qoeitloni of 
Fhyilcal Sclrnii. Laliludm and Longltndra. Lnnar Inflneiicu, UsUurio almiin ud Shoacliig Slui. 

TranijiDrt, ttiiir InSnenn and FragnH. The Moan. Common Thlngi.— Ths Eacth. Itie Ehn^nio 
Telegraph. TnrealriBl Eleac. The Sun. ICartliquak«B and Volcanfwa, BaTomBler, Bafery Lamp, 
and WhIIvoRh'a HlcromeMii Appuatui. Staam. Tlia Steam Kuglns. The Eys. Tlie Atmotphen. 
TlniB. CoDHnon Tliln». — Fuinpi, Comninn Thlngi, — Spectadea— the Kaleldouope. Clnckxnl 
Watchsi. UlcniacoiricDraiitnE and SngratlniT. The Locenio1Ir«. TbemiDnicter. New PliDeti.-' 
Leverrlerand Adani'> Pluiift. Magnltnile andMlnntenoai. Common Thliidi — The Almaoack. Opti™i 



Otacrvo the Kcaruia. Common Tbingi.— Tho LoakhiE Glau. Slollar Unlvorn 
JW. Ci ~ " - 

The While AiiU.— Their 



ThBTldet Colow. Cnmi. ,_. ._ . .„ _ 

' IT HIcniacfliH.— The Camera Lucid*. Tha MagloLantem.—Tht Camera Olncuni. The MkRH 






Lardner's Animal Physics, or the Body and its Functions 

Fanlllorly Eiplalued. A39 llliiitradoiii. Dnlfonn wlUi the "Uunjimi of Sdesce UHl Alt," 
a vola. nnall Hvo. Each 3i. M. cloth lellered. 

Lardner's Animal Physiology for Schools. 

ISO Illmlnilioni. lamo. S..(jd. cloth. 

Lardner's Hand-Book of Natural Philosophy. 

Alio in Separate Foiumfl*;— 



Lardner's Natural Philosophy for Schools. 328 Jllustra- 
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Dr. Lardner's Popular Senes of Papers from the ^^ Museum 

nf SddDce iBl Art,"amni{cd iccordlng 1p snlijcct]. Euli nitilKl. nr KTOiip of Butijecti, Illus- 
Imlcd byEngr»vtngB nu Wooil, comiiXe in llself vrithaTitloand Wrapper, Price 8d. 

Bo* 10 Otaeira tJin H(*Teni. The Saw Pl«iiolh Ls VenWr and Adsmi' Planet. Aitrono- 
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Lardner's Popular Geology. {From the " Museum of 

Sdom and ArL") 201 lUoetratioiii. le. 6d. 

Lardner^s Common Things Explained. 

ContoinlDg: Air — Eartb — Fire— Water— TUne — Tlie Altnanurk — Cliicka on 



Lardner's Popular Physics. Containing : Magnitude and 

MiiiuleiieM— Atmoiphere— Ttiiiuder and Lightning— Terrestrial Huel— Meteoric SMmee- Popnlar 
FiOtadei- Weather ProijBojHa—ThennoinBter— Barometer— Bafcly Lsmp—Whltwonli's Mlcro- 
foelric Apparatus — Eleclro-MoIliB Power— Soand — Mafie LaBtBm— Came™ Obwnra-Ciuiient 

An."} With B6 niuatrationB. as. 8d.. elotU lottoret " ' "" ' """" ™" 

Lardner's Popular Astronomy. Containing : How to 

are they [nbalilted ?— The Sew Planets — Lererder and Adams' Planet- The TldeB—Lauar 
Influences — and the Stellar Unirene— Light— Coniete~CinneI>ry Infloencei— Edipici— Terrei - 



PUBLISHED BY WALTON AND MABERLY. 



Lardner on the Microscope. (From the "Museum of 
Lardner on the Bee and White Anis. Their Manners and 

Dabilsi with nioscratloni! of Animil Instinct and Intalli|i«nes. {Fnim lhs"UuKiini of Sdenta 
nud Art."} I vol., wlUi lU Illnstmtloiu. Is., cloUi letlucd. 

Lardner' on Steam and its Uses; including the Steam 

Eiieinp, the IxiconiottTB, luid Stesm Naiigalion. (ftom tho " MQseupi dF Sciince (Uld An.") 1 tdI. 
gg UHuchUbiu. k. 

Lardner on the Electric Telegraph, Popularised. With 
A Guide to the Stars for every Night in the Year. 



LOCMC. 

De Morgan's Formal Logic. Or, The Calculus of Inference, 

De Morgan's Syllabus of a Proposed System oj Logic. 
NeiCs Art of Reasoning: a Popular Exposition of t/ie 

Li^,iuid u) Appendix on recent Loi^oal DerdDpineiitD, nith Hom. CniwnSTa„te. M., doth. 



ENGLISH COMPOSITION. 

Neil's Elements of Rhetoric ; a Manual of the Laws of 



DBAWIKG. 
Lineal Drawing Copies for the earliest Instruction. Com- 

nrliIrK upwards of 'Om <nbj«cu <in 'H sliceti, iriountcd ao II pinsa of thick putsbotnl, In B 
FarKOllii. Kj the Author of " Dcawlnn tor Young Chllilren." St. ti. 

Easy Drawing Copies for Elementary Insti'uclion. Simple 

Oatllnu wlthaut PenpecUvi. 67 ^uldccti, lu i Portbllo. liy ttiB Autbor o[ " Dnnlng lor Young 

SiAd alK in Tuo SOi. 
Sit I. Twcnty-jUtSnljKlainoniitcdDnthlokpMteliciird.lInrom'ollo. PriCE 3a. 6d, 

The Cnplcj are «uHldei>tlf largo »nd dold to he dra"n from bj (urly or flfly cliildreu st tSa Buna 



SINOING. 
The Singing Master Complete. 1 Vol. 800. Gs. cloth. 



V. TtiB Hymn Tuna Book. 10 Popular Piulm and H jton Tnnci. 8vo. 1 

• Somi e/ lilt F«bI Exirtim, Moral Stmgi, and Spm'i. "'* Ihi jUmfc, nafi «l> 
Cardt.pria Taaptnceeacli Vari, or Tmmt^-fiit far Three hhitUng, 



WORKS PUBLISHED BY WALTON AND MAREBLY. 



CHEMISTEY. 
ffofmann's Modem Chemistry, Experimental and Theoretic 

(An lntn>da«lioii ti>).embDdyln|i Twelve Lectures dellTcred In tbg Goyal CoUegoof Chemlilrj', 
Lonlon. Muit niBBtnDonii. SnwlUm. H.Bi. 

Liebig's Natural Laws of Husbandry. 

Edited by Db. Slits, 8td. IOi. «d. doth. 
" Side br Bide, u ton< u hmbvi^ gtinU lul, tUI tbns three nninet ihliie In «i-«qul glorr — 

nark I to DiTyltiiplmdid^niHcndon.* loLlBblBitiRlirloiucaiuainqiHtloD. EmbnelUK In hliDH*- 
terlr Induetion the retnllB of ■!! faregone end cddbndporirj Inreitlgallan, mid gu|iii]]Miig <ti Urge 
OeRcM by Ml own Incompirabla nsuTches. LleMe hu bDlllupm impsriihsble (iniadallani. u »coa- 

■II limcrepoH."— /Hfmutuiioi £c\iftil><»> il^rf. IS61. 

Liebig's Famuliar Letters on Chemistry, in its Relatioiis 

to Physiology. DlMeiics, AKrlcnUara, Cominepdo, ma PoUtlMl Eeoaoraj. Fonrth Edition, revlsBd 

Liebig's Letters on Modern, Agriculture. Croiim Bvo. 6s. 
Liebig's Principles of Agricultural Ch&mistry : vnth special 

Liebig's Sand-Booh of Organic Analysis; containing a 

detailed Acooimt of Iho vjirloqs meEhcNls used in [|et«rm1nliig the Elementary compotitlon of 
Orfanlc Subituiccu. UluBtrBled by H-^ WoodcuLa. I21110. bt., dolh. 

Gregory's Hand-Booh of Organic Chemistry. Fourth 



OENEBAL LITEBATTTBE. 

Dr. Edward Smith's Practical Dietary for Families, 

SdiooK uDd ths Ubonrhig Cluiea. Small 8va. 3i. Gd. 



Dr. Edward Smith on Health and Disease, as influenced 

bytheDBj1r,3UHn>1.aiidalherCycUca1CbuieeilatbeHuisiinSyslsiii. Sraanflro. 101.611. 

The Moralist and Politician ; or Many Things in a few 

Word). Bf Sis Geosck Raiuit, Babt. Fcp. gvo. Si. (JuM PvblUlad.} 

Mystery of Money explain'--d and illustrated by the Monetary 

Uljlorj-of England. Boo. li.M.tl&b, 

Grant's Tabular Vieiv of the Primary Divisions of the 

Animal Kingdom, intended lo lene as aa oalllne of nn Elemeutsry Couth of Reonl Zoology. 

De Morgan's Booh of Almanacs. With an Index of 

any Epocti, Ancient or Modem, np 10 a.b, aooo. With means or flnaing tba Day or Full Moon, 
tkvm I.e. IDOOtaa.D.lOaO. As.. cloth lettered. 

Herschell (B. R.), The Jews; a brief sketch of their Present 

Bute lail Fntore Exptetatlona. Flap. 8<o, ls.ed.,elDth. 



